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Abstract

I developed my PhD thesis in the aerea of astronuclear theory, an inter-

disciplinary field where many aspects of nuclear physics, particle physics

and astrophysics converge. The research carried out is the study of the

equation of state of nuclear matter and its implications for the structure

of neutron stars. Neutron stars are compact objects produced in the

gravitational collapse of very massive stars just after they explode as

supernova, and are characterized by central density extremely high, up

to one order of magnitude greater than the nuclear saturation density

(1014gr/cm3). Therefore the knowledge of the equation of state (EoS)

of nuclear matter at high density is critical for the understanding of

stellar structure.

During these 3 years, I derived an equation of state for nuclear

matter using the many-body microscopic theory by Brueckner-Bethe-

Goldstone. The term “microscopic” comes from the fact that the only

ingredient required as “input” is the nucleon-nucleon interaction, which

in the case of nucleons is known from scattering experiments. The in-

clusion of nucleonic three-body forces turns out crucial, so that the

EoS not only gives the correct values of density and binding energies at

the saturation point, but also the correct compressibility and symme-

try energy, which all turn out to be compatible with values extracted

from phenomenology. The theoretical approach is widely discussed in

the Chapter 3. I have systematically explored the different nucleon-
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nucleon interactions and three body forces (both phenomenological and

microscopic ones). With the EoS obtained, I solved the equations of

hydrostatic equilibrium of the star, known as Tolman - Oppenheimer

- Volkoff equations, and I calculated the stellar configurations for the

equilibrium for several EoSs. The calculated maximum masses of neu-

tron stars are equal approximately to 2 solar masses, and radii ranging

from 12 to 14 km, according to the observational data recently obtained

from satellites in X-ray and Gamma of new generation (Chandra, XMM

Newton and Integral). The obtained results were published in a Phys-

ical Review C [1] and in a proceeding [6]. The results are shown in

Chapter 4.

This work has been further extended to the calculation of the ef-

fective masses of nucleons, always within the Brueckner theory. This

calculation is crucial for the study of neutron star cooling, where one of

the main ingredients is the neutrino emissivity, which depends largely

on the effective masses of nucleons. I have systematically explored the

effective masses with different two- and three-body interactions, and

several values of matter asymmetry. This work was published in Phys.

Rev, C [2]. Afterwards, the effective masses obtained from the calcu-

lation were included in the cooling codes, which are publicly available,

along with the stellar cooling gaps of superfluidity, calculated in the

same theoretical approach. The results obtained have shown for the

first time the important role of the Urca processes in stellar cooling,

giving rise to a high flux of neutrinos, and superfluidity in channels

1S0 and 3PF2 of proton and neutron respectively. It is thus explained

the cooling of Cassiopeia A, a supernova remnant whose thermal emis-

sion has been monitored for many years, and the analysis of which is

compatible with the idea that the stellar core is in a superfluid state.

The work was published in Monthly Notices of the Royal Astronomical

Society (MNRAS) [4] and is discussed in Chapter 5.
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During my PhD second year, I started a collaboration with Prof.

M. Alford (University of Saint Louis, Missouri, USA) about the transi-

tion to quark matter inside neutron stars. In fact, as neutron stars are

characterized by values of central density up to about 8-10 times the

saturation value, in stellar core the transition from the hadronic con-

fined phase, to a deconfined quark phase could take place, giving rise

to the so-called hybrid stars. The correct determination of the mass

and radius for the same neutron star could give access to the equation

of state for the quark matter, since the mass - radius relationship in

this case is different from the one of ordinary stars. Since it is not

possible to perform lattice QCD calculations at zero temperature and

finite density, various models are used for describing quark matter. I

focused on the FCM (Field Correlator Method) model and I applied it

to the stellar matter by analyzing the dependence on the parameters,

and establishing the limits using an EoS parametrized for quark matter

and proposed recently by M. Alford. The work was recently published

in Phys. Rev. D [3] and results are shown in Chapter 6.

Finally in Chapter 7 I draw the conclusions and the outlooks.
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6 1. Introduction

1.1 Neutron Stars

The first one to talk about this kind of object was Lev Landau in

March 1931 [1]. Landau improvised the concept of ‘unheimliche sterne’

namely ”weird stars” discussing with Bohr and Rosenfeld about his pa-

per written in Zurich in February 1931 but not published until February

1932 namely just after the discovery of the neutron by Chadwick. In his

paper [2] Landau mentioned the possible existence of dense stars which

look like one giant nucleus; this can be regarded as an early theoretical

prediction or anticipation of neutron stars, prior to the discovery of the

neutron!

Nowadays, we know that neutron stars are extremely compact stellar

objects produced in the cores of massive stars that at the end of their

evolution as supernovae explode and collapse gravitationally. The birth

of these stars by supernova explosions was first suggested by Baade and

Zwicky in 1934. The first theoretical calculation [3] was performed by

Tolman, Oppenheimer and Volkoff in 1939 and Wheeler in 1966. These

strange objects can be considered the heaviest of heavy ions, with A ≈
1057 baryons; the matter contained is the most dense of the universe,

with an average density which is comparable to the density of nuclear

matter which is ρ0 ≈ 0.17 baryons/fm3 ≈ 2.8 · 1014g/cm3. Therefore,

the determination of the equation of state for dense matter is essential

for calculating the properties of neutron stars. The EoS determines the

properties such as the range of masses, the relationship mass-radius,

the thickness of the crust, the period of rotation, the cooling rate and

much more. The same EoS is also crucial in the calculation of the

energy released during the explosion of a supernova.

Neutron stars are associated with two classes of astrophysical galac-

tic objects. The first class, pulsars, are generally considered to be rotat-

ing neutron stars. Bell and Hewish were the first to discover a neutron
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Figure 1.1: Jocelyn Bell at the time of the discovery.

star in 1967 as a radio pulsar. They nicknamed the signal LGM −1 for

”Little Green Men” (a playful name for intelligent beings of extrater-

restrial origin) because of the extreme regularity of the pulse. For this

discovery only Hewish (who was the advisor of J. Bell) was awarded

with the Nobel Prize and for this decision there were some protests in

the scientific community. Someone ironically said that she received the

”No-Bell” prize [4].

The first radio binary pulsar, PSR 1913+ 16, was discovered by Hulse

and Taylor in 1975. Measuring the spiral, they were able to deter-

mine all the parameters such as the masses, orbital periods and periods

derivatives, orbital distance and inclination. The total number of pul-

sars discovered exceeds the thousands and the number is growing.

The second class of astrophysical objects associated with neutron
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scopic data. In Fig. 1.3 are presented the results that are in agreement

with a RNS = 9.1+1.3
−1.5Km (90 % of confidence).

In this sense the investigation of the neutron star radius is essential

for constraining the EoS and for this reason the launch of new satellites

like NICER (Neutron star Interior Composition Explorer), a new ex-

ploration mission scheduled by NASA in 2016 [8], can be the only way

for carrying on the research. Moreover, this kind of mission could be an

improvement for the XNAV (X-ray pulsar-based NAVigation and tim-

ing) namely a system similar to GPS, based on the fact that periodic

X-ray signals emitted from pulsars are used to determine the location

of a spacecraft in deep space with an uncertainty of about 5 km.

1.2 The physics of Neutron Stars

The physics of compact objects such as neutron stars provides an in-

triguing interaction between nuclear processes and astrophysical ob-

servables. Neutron stars are far from those conditions possible on the

ground because they have a large range of densities ranging from the

stellar surface to the inner core. Clearly, the degrees of freedom are not

the same in the surface region, where the density is much smaller than

the saturation point of nuclear matter, and in the center of the star,

where the density is so high that the models based solely on nucleon-

nucleon interaction are questionable.

These features are shown in Fig 1.4. Under the atmosphere, com-

pressed by gravity less than 1 cm in height, there is an outer crust,

with a typical thickness of about 0.3 Km, composed, except that in

the first tens of meters, of a lattice of bare nuclei immersed in a sea of

degenerate electrons as in a normal metal. The material on the outside

of the crust should be mainly 56Fe, the latest product of the thermonu-

clear burning. With the increase of the depth, the Fermi energy of the
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localized in the shells with Z = 40 or 50. Then, at density about ρ0/3,

the Coulomb force makes unstable spherical nuclei, as in the fission.

Finally, at density of about ρ0/2, the matter dissolves in a uniform

fluid composed mainly of neutrons, plus protons, electrons and some

muon.

At higher densities, typically 2−3 times the density of nuclear satu-

ration, it can take place an interesting phase transition in a phase with

only nucleonic degrees of freedom. In fact, several species of particles

may appear due to the rapid increase of the chemical potential with

the baryon density. Among these new particles there are the strange

baryons, namely hyperons Λ,Σ and Ξ. Other species in the stellar

matter may appear, like the ∆ isobar along with kaons and pions con-

densates. Moreover at very high densities, as we will see in Chapter

6, is to envisage a phase transition of nuclear matter in a quark-gluon

plasma (QGP ).

1.3 TOV Equations

The theoretical description of a neutron star is governed by the condi-

tions imposed by the theory of general relativity. The starting point

for this study is how to determine the curvature tensor of Einstein Gµν

for a massive star:

Gµν = 8πGTµν(ρ, P (ρ)) (1.1)

Where G is the gravitational constant. A necessary ingredient to solve

this equation is the energy-momentum tensor Tµν . We approximate the

density tensor for the matter of the neutron star with a perfect fluid,

i.e., a not viscous medium with total energy density ρ. In this case,

the problem of finding the hydrostatic equilibrium is simplified consid-

erably and for a configuration of the star as a symmetric static sphere,

the above equation reduces to the more familiar Tolman-Oppenheimer-
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Volkoff that for the pressure P and the mass m is given by

dP

dr
= −Gmρ

ρ2

(
1 +

P

ρc2

)(
1 +

4πPr3

mc2

)(
1− 2Gm

c2r

)−1

dm

dr
= 4πr2ρ (1.2)

Where m(r) is the mass contained in a sphere of radius r. The

second equation describes the mass balance; the apparent Newtonian

form is illusory since the space-time is curved. These equations can be

integrated by an EoS as p = p(ρ) and thus form a closed system to

solve for p(r), ρ(r) and m(r). The equations are integrated from the

center of the star with the following boundary conditions: P (0) = Pc

and m(0) = 0. Also, inside the star, P > 0 and dP/dt < 0. The radius

of the star R is determined by the condition P (R) = 0. Outside of the

star, i.e. for r > R, we have P = 0 and ρ = 0, for which the equation

is obtained for m(r > R) = MG = constant. This amount is called

”total gravitational mass of the star” and determines the total energy

contained in the star itself from E = MGc2. To build a model for

neutron stars it is necessary to solve the TOV equations complemented

by an EoS for nuclear stellar matter. Therefore, the equation of state

is an essential input to the calculations for the neutron star structure.

1.4 The problem of the equation of state

For a successful theory of supernovae the first request is a good equa-

tion of state for every matter density, both below and above the sat-

uration density. Specifically the equation of state for the pressure as

a function of density and entropy is the most important requirement

for a numerical calculation. In ordinary matter, Coulomb interactions

among particles play an important role in providing pressure. In the
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cores of stars, the pressure rises to the point where the situation be-

comes quite more different. To a reasonable approximation a compact

star like white dwarf consists of a mixture of protons, neutrons and

electrons. The pressure is provided by the quantum mechanical degen-

eracy associated with the electrons and for this reason I will start by

calculating the pressure supplied by a collection of fermions, neglect-

ing any possible interactions among them. Therefore we take a simple

model for the particles like the Fermi gas. We consider a collection of

N fermions with mass mF confined to a cube of side L. In a standard

quantum mechanical way, we can picture these fermions as existing as

waves inside the box, with each particle having a different wavelength,

so that the volume of k-space occupied by each particle is (2πL3)/3. It

follows that

N =

∫ kf

0

4πk2

1
2
(2π
L
)3
dk, (1.3)

where kf is the wave number of the most energetic fermion, usually

called fermi wave number. This gives the fermion number per unit of

volume

n =
N

L3
=

k3
f

3π2
. (1.4)

If ǫ denotes the energy per unit volume, Etotal the total energy of the

N fermions and Eparticle the energy per particle:

Etotal =

∫ kf

0

Eparticle
4πk2

1
2
(2π
L
)3
dk, (1.5)

and so

ǫ =
1

π2

∫ kf

0

Eparticlek
2dk, (1.6)

The particle energy is given by the special relativistic formula:

E2
particle = h̄2k2c2 +m2c4, (1.7)

where the momentum p has been written as p = h̄k. I will now consider

two extreme cases: non-relativistic particles for low density and highly
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relativistic particles for high density. In both cases it is possible to

compute the energy density by making use of the thermodynamical

relation

P = ρ
∂ǫ

∂ρ
− ǫ, (1.8)

where P is the pressure. By considering these two extremes, we might

gain some insight into the different possible barotropic equations of

state P = P (ρ) for compact objects. In white dwarfs, the pressure

is supplied mainly by degenerate electrons, while most of the mass

is supplied by baryons (protons and neutrons). So, we will distinguish

between these particles, giving them masses mf and mb, and will define

µ as the number of baryons per fermion, probably close to two for white

dwarfs. It then follows that the number of fermions per unit volume is

related to the mass density by

nf =
ρ

µmb

. (1.9)

These considerations are valid in the case of non-interacting particles.

If we add the interaction between the particles, things change dramat-

ically and this is just what happens in the case of neutron stars. I will

discuss this problem in the Chapter 3.

1.4.1 My Thesis Work

In this thesis I tested different microscopic EoS’s with several con-

straints [9]. A convergent effort of experimental and theoretical nu-

clear physics has been developing along several years to determine or

to constrain the Equation of State (EoS) of nuclear matter. Two main

areas of research have provided relevant hints in this direction. The

experimental data on heavy ion collisions have been systematically an-

alyzed on the basis of detailed simulations, in order to constrain not

only the density dependence of the EoS, but also its isospin dependence.
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Excellent reviews on this subject can be found in the literature. On the

other hand, the analysis of astrophysical observational data, noticeably

on compact objects, are of great relevance for the study of the nuclear

EoS. The results in this field of research can be considered complemen-

tary to the ones that can be obtained within the heavy ion research

activity, because nuclear matter is involved in different physical condi-

tions. In Neutron Stars (NS) nuclear matter is present in beta equilib-

rium from very low density to several times saturation density, and it

is therefore extremely asymmetric, much more than nuclei in labora-

tory. Despite the different physical situations, an accurate microscopic

theory of nuclear matter is expected to be able to explain correctly the

data obtained in both physical realms. Another more phenomenological

approach is based on the Energy Density Fuctional (EDF) method, in

particular the Skyrme forces scheme. In this approach a phenomenolog-

ical force or EDF includes a certain set of parameters that are fixed by

fitting the binding energy of nuclei throughout the mass table. Some

of these forces are adjusted also to microscopic nuclear matter EoS.

Recently, an ample set of Skyrme forces, that have been presented in

the literature, has been analyzed and confronted with the available

constraints on the nuclear EoS obtained from heavy ion reactions and

astrophysical objects. The few Skyrme forces that passed these tests

have been then used to predict the binding energy of a wide set of nu-

clei, and none seems to perform satisfactorily well in this case. These

results show clearly that it is not at all trivial to satisfy the constraints

coming from astrophysical and heavy ion data as it was already found in

[10]. Furthermore, if the nuclear mass data are included, it seems very

difficult to reproduce all the data sets. It looks that the phenomenolog-

ical forces are not flexible enough to this purpose. In this thesis I test

the predictions of different microscopic many-body approaches with re-

spect to the constraints coming from experiments and phenomenology.
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In Chapter 4 I will show these results.

One important tool of analysis is the temperature-vs.-age cooling dia-

gram, in which currently a few observed NS are located. NS cooling

is over a vast domain of time (10−10–105 yr) dominated by neutrino

emission due to several microscopic processes. The theoretical analysis

of these reactions requires the knowledge of the elementary matrix el-

ements, the relevant beta-stable nuclear equation of state (EOS), and,

most important, the superfluid properties of the stellar matter, i.e., the

gaps and critical temperatures in the different pairing channels.

Even assuming (without proper justification) the absence of exotic

components like hyperons and/or quark matter, the great variety of

required input information under extreme conditions, that is theoret-

ically not well under or out of control, renders the task of providing

reliable and quantitative predictions currently extremely difficult.

The thesis is also focused on the problem of the theoretical determi-

nation of this important input information and reports nucleon effective

masses in dense nuclear matter obtained within the Brueckner-Hartree-

Fock (BHF) theoretical many-body approach. I studied the dependence

on the underlying basic two-nucleon and three-nucleon interactions and

provide useful parametrizations of the numerical results and some es-

timates of the related in-medium modification of the various neutrino

emission rates in NS matter [11].

After the study of the effective masses I focused on the cooling

of neutron stars related with observational data using supercondutive

and superfluid gaps [12]. Recently this activity has been spurred by

the observation of very rapid cooling of the supernova remnant Cas A,

of current age 335 years and surface temperature T ≈ 2 × 106 K, for

which different analyses deduce a temperature decline of about 2 to 5

percent during the last ten years. Mass and radius of this object are

not directly observed, but in recent works optimal values M = 1.62M⊙,



18 1. Introduction

R ≈ 10.2 km [13] or a range M = (1.1− 1.7)M⊙, R ≈ (11.4− 12.6) km

[14] are reported, dependent on the assumed EOS.

Two major theoretical scenarios have been proposed to explain this

observation: one is to assume a fine-tuned small neutron 3PF2 (n3P2)

gap, Tc ≈ (5− 9)× 108 K ∼ O(0.1MeV) that generates strong cooling

at the right moment due to the superfluid neutron pair breaking and

formation (PBF) mechanism; the other one is based on a strongly re-

duced thermal conductivity of the stellar matter that delays the heat

propagation from the core to the crust to a time compatible with the

age of Cas A. Both explanations have in common that they exclude the

possibility of large n3P2 gaps; in the first case because the correspond-

ing critical temperature of the PBF process has to match the current

internal temperature of Cas A; in the second case because such a gap

would block too strongly the modified Urca (MU) cooling of the star

and therefore lead to a too high temperature of Cas A.

Some alternative scenarios have also been brought forward. Amongst

them, it was suggested in that the fast cooling regime observed in Cas

A can be explained if the Joule heating produced by dissipation of the

small-scale magnetic field in the crust is taken into account.

A common feature of all these cooling scenarios is that they exclude

from the beginning the possibility of very fast direct Urca (DU) cooling,

although many microscopic nuclear EOS do reach easily the required

proton fractions for this process. In this thesis I will employ an EOS

that does so. However, The Akmal-Pandharipande-Ravenhall (APR)

variational EOS, which is perhaps the most frequently used EOS for

cooling simulations (in spite of the fact that it does not reproduce

the empirical saturation point of nuclear matter without an ad-hoc

correction), features a rather low proton fraction and DU cooling only

sets in for very heavy neutron stars, M ≥ 2M⊙. Since in any case

neither this nor any other EOS can currently be experimentally verified
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or falsified at high density, the frequent use of one particular EOS

represents an important bias that should not be underestimated.

Another critical point of most current cooling simulations is the

fact that EOS and pairing gaps are treated in disjoint and inconsistent

manner, i.e., a given EOS is combined with pairing gaps obtained within

a different theoretical approach and using different input interactions.

In this thesis I tried to improve on both aspects, i.e., I included the

DU cooling process predicted by our microscopic nuclear EOS [9], and

I used compatible nuclear pairing gaps obtained with exactly the same

nuclear (in-medium) interaction. Furthermore, I also employed recent

results for nucleon effective masses obtained in the same approach with

the same interactions, which affect the microscopic cooling reactions.

Results will be shown in Chapter 5.

Finally, in Chapter 6, I discuss the “constant speed of sound” (CSS)

parametrization [15] of the equation of state of high-density matter and

its application to the field correlator method (FCM) model of quark

matter. In this work Ref [16], performed in collaboration with Prof.

M. Alford, I show how observational constraints on the maximum mass

and typical radius of neutron stars are expressed as constraints on the

CSS parameters. I found that the observation of a 2M⊙ star already

severely constrains the CSS parameters, and is particularly difficult to

accommodate if the squared speed of sound in the high-density phase

is assumed to be around 1/3 or less. I prove that the FCM equation

of state can be accurately represented by the CSS parametrization,

which assumes a sharp transition to a high-density phase with density-

independent speed of sound. I display the mapping between the FCM

and CSS parameters, and I show that FCM only allows equations of

state in a restricted subspace of the CSS parameters.

Lastly in Chapter 7 I show the conclusions.
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Chapter 2

Supernova Explosion and
Proto Neutron Stars

Although the discovery of the first supernova in modern times is at-

tributed to Tycho Brahe, who observed this event on the evening of

November 11th 1572, some astronomers preceded his observation by

few days and among them it is worthwhile to mention the sicilian ab-

bot Francesco Maurolico [17]. In any case this observation shaked the

worldview that the cosmos, e.g., the sphere of the stars, everything

beyond the orbit of Saturn, was unchanging and eternal as Aristotle,

the great Greek philosopher, had claimed. Numerous questions arose

about the nature of this so called Nova Stella. Was it something close

to the earth, was it a peculiar comet? As the star faded in the months

after its discovery and became invisible in 1574, leaving the world in

awe and shocked, Brahe proved that the new star was something in

the supra-lunar world, in the realm of the aether which was apparently

not as unchangeable and eternal as Aristotle had proposed. A new era

had begun, in which the state of the universe became more and more

a scientific question rather than one of philosophy or religion.

At the beginning of the 20th century, pioneering work was done

by Emden and Eddington (who formulated the equations of the stellar
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the star stable against gravity. The temperature and density inside the

star remain almost constant until this energy source is exhausted. This

phase is called the main sequence and takes about 80% of the lifetime

of the star. When hydrogen as energy source is exhausted, the star

starts contracting again. If the conditions become favorable to ignite

helium, the whole cycle starts again. After helium core burning, the

evolution of low, intermediate and massive stars becomes significantly

different. Massive stars are defined as stars that experience a collapse

of the iron core. The minimum mass for massive stars lies around

10 M⊙. The evolution of massive stars proceeds through all major and

advanced burning stages, e.g., hydrogen, helium, carbon, neon, oxygen,

and silicon, which progressively takes shorter amounts of time. Once

silicon burning is completed and an iron core is formed, instabilities

develop, resulting eventually in a collapse of the core and an explo-

sion of the star. At the time of explosion the star possesses a complex

shell structure, and a shock wave travels through these shells and heats

the material, resulting in various nucleosynthesis processes, producing

≈ 1/2 of the heavy elements up to Uranium. Low mass stars develop,

after hydrogen and helium core burning, an electron-degenerate carbon

oxygen core which is too cool to ignite carbon burning. After core he-

lium burning, the convective envelope moves down and penetrates in

the helium layer until it reaches the boundary of the core. At this time,

a double shell structure develops: the center of the star is formed by

a contracting degenerate carbon oxygen core, which is surrounded by

both helium and hydrogen burning shells. This structure is unstable

and helium shell results in thermal pulses that are characteristic for

asymptotic giant branch (AGB) stars. During this thermally pulsing

AGB (TPAGB) phase, the star has a high mass loss rate, which removes

the entire envelope in a short time, leaving a naked carbon oxygen core

which evolves into a white dwarf.
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When a massive star dies, the following dynamics of supernova ex-

plosion is mainly determined by the neutrino [3]; in fact, when a star

consumes all its fuel, the forces opposed to the gravitational collapse

stop and the stellar core is compressed by gravity so strongly that, in

less than a second, the core reaches extreme conditions of tempera-

ture and density, namely the so-called ”protostar”. A large quantity

of neutrinos remains momentarily trapped and thereafter, is emitted

carrying away a large fraction of energy released in the collapse. The

following explosion splashes away the external stellar layers leaving at

the center a very dense and small object. The massive stars begin

their life, like all stars with the gravitational contraction of a cloud of

hydrogen. The compression increases the density, the internal pressure

and the temperature of the gas. As soon as the pressure is sufficient to

counteract the gravity, the star stops shrinking. If for some reason the

internal pressure exceeds the gravitational force, the star expands. The

pressure then decreases, and the expansion will stop when the pressure

is again equal to gravity. As long as the internal pressure and gravity

are balanced, the star do not expands nor contracts but will maintain

the state of hydrostatic equilibrium. However a star is also hot with a

temperature in the core of millions of Kelvin degrees. Heat and power

range from the core to the envelope and are emitted from the surface;

the star shines. The temperature and density in the core are there-

fore not sufficient to trigger the fusion of hydrogen in to helium, at a

temperature of about 5 keV , namely

H +H → D + e+ + νe (2.1)

This reaction is characterized by a Q of about 0.42 MeV . Its cross

section is small, not only because of the Coulombian barrier to cross

but also because it is a weak process. Since the combustion of hydrogen

releases a large amount of energy, it is sufficient a very low rate of
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fusion and hydrogen reserves last long. For a cloud of about 20 M⊙,

these reactions last for about 7 million years. As soon as one forms the

deuterium there is the reaction

H +D → 3He+ γ (2.2)

So at the end of the cycle, the nuclei of 3He interact according to the

reaction:
3He+ 3He → 4He+H +H (2.3)

At the end of this chain of reactions, for 4 protons consumed one has

a helium nucleus, and it is released energy in the order of 26.7 MeV .

When helium becomes abundant compared to hydrogen, the energy

generated by the fusion of hydrogen becomes insufficient to compensate

the loss of energy via radiation (photons and neutrinos). The balance

is broken and the star begins to contract until the core temperature

is high enough to burn helium for producing carbon. It produces new

energy and restore balance. The star will still contain hydrogen, which

now surrounds a burning core of helium. As soon the helium ends, the

fusion stops and the star contracts whereas the temperature increases,

until it becomes possible the fusion of the carbon and so on, up to

produce increasingly heavier elements like neon oxygen and silicon. The

star develops a structure similar to onion. As the elements become

more and more heavy, the energy produced in the individual reactions

decreases so the rate of burning fuel must increase, in order to release

enough energy to sustain the pressure of the core. Although a heavy

star (about 25M⊙) burns hydrogen and helium for millions of years,

it will burn carbon for about 600 years and oxygen for only 6 months.

The combustion of silicon lasts only one day. The silicon burns to

become iron but once formed the iron, the process of energetic release

for thermonuclear fusion stops. In fact, iron is the most bound nucleus

and every process of fusion or fission absorbs energy rather than release
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it. Thus the formation of the iron is the beginning of the end of massive

stars. As this energy is released, the pressure of the core drops and

rapidly loses support, imploding, because gravity does collapse under

its own weight. The core has a temperature of about 0.7 MeV , density

about 3 ·109 g/cm3 and a mass of about 1.4 M⊙. The collapse occurs in

less than one second. Since the density of the core increases, the Fermi

momentum of electrons increases rapidly. The energy of degeneration

increases with the density and the superdense core exceeds 2.25 MeV

necessary to a free electron to convert a free proton in a neutron:

p+ e− → n+ νe (2.4)

This process, called neutronization, produces an electron neutrino that

takes away energy. Through this mechanism, the pressure of the elec-

trons decreases and the collapse accelerates. The collapse could con-

tinue indefinitely if did not form the degenerate gas of nucleons. In

fact, at the high density of the core, the nucleons produce an elevated

pressure and as soon as the density exceeds 1014 g/cm3, the nucleons

are ”compressed” together; at this point nuclear forces become im-

portant because they are repulsive at small distances. These provide

other pressure in addition to that one from degeneration. Then the

internal pressure begins to increase dramatically and once the central

density exceeds 3 · 1014g/cm3, the pressure becomes so high that the

iron core becomes incompressible. The collapse suddenly stops. At

this point, something of special happens; like a supercompress rubbery

ball is released suddenly returning on equilibrium, the inner core ex-

pands violently. It is what is called ”core bounce”; a layer of dense

matter is projected outwardly to approximately 10000 km/sec and a

wave of shock begins to open a passage through the material which is

still falling to about 60000 km/sec. The wave of shock quickly loses

energy and the rapid expansion stops. So, as a result of the rebound of
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the core, one forms a layer of relatively static dense and warm matter

less dense than the inner core but more dense than the outer mate-

rial that continues to fall. This layer becomes thicker than the other

falling material. The central part of this dense layer, which has a ra-

dius of about 40 km and includes the inner core, plays a crucial role in

the formation of the supernova, and is called ”protostar”. This has a

mass of about 1.2 M⊙ and consists of electrons, neutrinos and nuclear

matter. After approximately 10 seconds, it cools and condenses to be-

come the well known neutron star as the final product of the explosion.

But the problem today is to understand what happens physically in

postbounce. The problem is understand how to pass from an implo-

sion to an explosion. It seems that the crucial role is played by the

neutrinos. In fact, the neutronization of the core produces neutrinos.

Although the interactions of these particles with matter are extremely

weak with cross sections typically of the order of 10−44cm2, they play a

fundamental role in the evolution of the postbounce. The importance

of the neutrinos had already been understood by Colgate and White

when they proposed the first model of supernova explosion in 1966. In

this model, the neutrinos produced by electron capture leave the core

without further interaction. This is possible because the rates of the

reactions

νe + n → p+ e− , νe + e− → νe + e− (2.5)

are very low at the densities typical of the core and this is due to the

Pauli blocking of the electrons in the final state. However, neutrinos

can interact with matter out of the core where the density is low. So

they can transfer momentum to the stellar layers and produce an ex-

plosion outside of the envelope that leads to the formation of a neutron

star. The model Colgate and White had been well accepted for sev-

eral years until Dan Friedman re-examined in 1974 in light of Standard

Model. In fact, at that time, Standard Model had received a spectac-
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ular confirmation with the discovery of neutral currents, mediated by

Z0 boson. Friedman pointed out that the neutral currents can give rise

to new types of reactions as

νe + p → νe + p , νe + n → νe + n (2.6)

The rates of these reactions are similar to those of reactions induced

by charged currents but are not low for density values typical of the

core since there are no electrons in the final state. Moreover, Fried-

man pointed out that the cross sections in the case of neutral currents

can increase dramatically thanks to the possibility of having coherent

scattering from nuclei (which does not exist for charged currents me-

diated by the exchange of W±). The corresponding cross section is A2

times the elementary cross section, where A is the number of nucleons

involved. This factor combined with the high-density can produce a

tiny mean free path for neutrinos. Neutrinos are so trapped in density

greater than about 1011 g/cm3 so they are not able to transfer their

momentum to the outer shell. How then is it possible to understand

the explosion and the formation of the neutron star? The situation

changed dramatically on the night of February 23th, 1987 when a bright

supernova exploded in the Large Magellanic Cloud, 160000 light years

away from Earth, the brightest supernova after that one observed by

Kepler in 1604 and was named SN1987A. It was observed in the south-

ern hemisphere observatory in Las Campanas (Chile) and was so bright

that it could be observed with the naked eye. The progenitor was a

blue giant about 20M⊙. Supernova SN1987A is the only one from

which it was possible to observe neutrinos. Two underground detec-

tors, Kamiokande II and IMB in Japan in Ohio, recorded two flashes of

12 and 8 electronic antineutrinos on a time interval of 10 seconds. The

low number of events did not permit a detailed modeling of SN1987A

but provided qualitative estimates of what had happened. The detected
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signal confirms the description of a hot protostar which forms and cools

thanks to the neutrino emission and is entirely consistent with current

theories of the core collapse. The energies of the neutrinos correspond

to the initial temperature of the protostar while the duration of the

lightning is in line with the cooling time of 10 seconds, calculated for

this type of objects. The energy spectrum of the neutrinos allowed an

estimate of the total energy radiated during the supernova that is con-

sistent with the creation of a 1.4 M⊙ neutron star with radius within

15 Km. At the same time, the analysis of the emission spectra showed

that the envelope ejected was quite mixed, i.e. iron contained in the

outer layers of helium and hydrogen, indicating that a certain mixing

had occurred over large distances. The mixing was explained, regard-

less of Epstein (Los Alamos) and Bethe, from convective instability

arising while the shock wave propagates away from the core to the sur-

face of the star long after the explosion occurred. A protoneutron star

(PNS) is formed after the explosion of a supernova and it remains in

a transient state between both neutron star and black hole for tens of

seconds. Initially, the PNS is optically dense of neutrinos, i.e. they are

temporarily trapped inside the star. The next evolution of the PNS

is dominated by the diffusion of neutrinos, which affects primarily on

deleptonization and then on cooling. After a time much greater, the

emission of photons competes with the emission of neutrinos in the

cooling process of the star. Two new effects should be considered talk-

ing to PNS. The first one concerns the thermal effects which affect the

production of entropy, with values of some units for baryon, and tem-

peratures above 30− 40 MeV . The second one, the fact that neutrinos

are trapped in the star, which means that the chemical potential of

neutrinos is not null. This alters the chemical balance and changes its

composition. Both effects can lead to observable consequences in the

signals of neutrinos from a supernova and can also play in important
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role in determining whether a given supernova ends the process in a

cold neutron star or a black hole.
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Firstly we can assume that the hadron constituents of matter inside

neutron stars are only nucleons. We can use two completely different

approaches to describe the strong interaction among nucleons. One is

normally called microscopic approach and the other is the phenomeno-

logical approach. In microscopic approach the starting point is the

nucleon-nucleon interaction as described by the so-called realistic in-

teraction potentials such as Argonne, Bonn, Nijmegen, Paris, Urbana.

The theoretical basis for building these realistic potentials is the the-

ory of the exchange of mesons of the nuclear force. In this scheme the

nucleons, mesons and resonances as π, ρ and ω are incorporated in one

single potential. The various parameters in the potential are then ad-

justed to reproduce the experimental data for the two-body problem

(the properties of deuterium and the phase shift of nucleons). Then one

can solve the problem using the many-body EoS. The various methods

to solve the many-body problem and the limitations of the microscopic

calculation of EoS will be discussed later. In the phenomenological

approach, the starting point is the dependence of the interaction with

the density. The parameters that appear in this phenomenological in-

teraction are adjusted to reproduce the properties of nuclei and the

empirical properties of nuclear matter. The most popular of this type

of interaction is the Skyrme interaction. The EoS can be deduced from

the effective interaction in a very simple way and it is possible to de-

rive analytical expressions for many thermodynamic quantities. The

phenomenological approach is obviously less fundamental than the mi-

croscopic one but nevertheless has a number of advantages. First of

all the simplicity of calculation to obtain the EoS compared to the

complicated calculation of many bodies which requires the microscopic

approach. In addition, the phenomenological EoS can be easily ex-

trapolated in regions far from the area where the parameters have been

set. However, as we shall see later, the behavior of dense and asym-
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metric nuclear matter is closely related to quantity as the symmetry

energy, density, impulse and asymmetry of single particles like neu-

trons and protons. All these quantities are very poorly constrained by

experimental data. Therefore, a simple extrapolation to the extreme

conditions of high density and asymmetry between neutrons and pro-

tons is not fully trusted, or at least can be quite arbitrary. In fact, one

could be introduced phenomenological models of EoSs that reproduce

also the saturation properties of symmetric nuclear matter and finite

nuclei but which are very different in the region of high density and

high asymmetry. The determination of the microscopic EoS can be

very helpful to clarify these ambiguities. However, any realistic EoS

must meet the following basic requirements:

a) It must reproduce the empirical point of saturation for symmetric

nuclear matter (SNM) and the energy per nucleon at the saturation

point, namely

n0 = 0.17± 0.01 nucleons · fm−3, E0/A = −16± 1 MeV (3.1)

b). It must give an energy of symmetry at the saturation point com-

patible with the nuclear phenomenology

Esym = 30± 2 MeV (3.2)

c) The compressibility K0 of Symmetric Nuclear Matter (SNM) at the

saturation point must be compatible with experimental data

K0 = 220± 30 MeV (3.3)

d) Both for pure neutronic matter and symmetric matter, the speed

of sound must not exceed the speed of light (condition of causality),

namely

s/c =

(
dP

dǫ

)1/2

≤ 1. (3.4)
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In this thesis I will concentrate on the microscopic approaches [9], the

only input being a realistic free nucleon-nucleon (NN) interaction with

parameters fitted to NN scattering phase shifts in different partial wave

channels, and to properties of the deuteron. In the following I discuss

the non-relativistic Brueckner-Hartree-Fock (BHF ) method, its rela-

tivistic counterpart, the Dirac-Brueckner − Hartree-Fock (DBHF) ap-

proximation and the Variational method. There are also other models

(which are not the subject of this thesis) such as the Phenomenolog-

ical models with many free parameters to be fitted to experimental

NN data, the Boson-Exchange models based on the field-theoretical

and dispersion-relations methods, the QCD models based on the fun-

damental quarks and gluons degrees of freedom, and the models based

on EFT (Effective Field Theory) [18] by using the chiral symmetry of

QCD. Once the interaction between two nucleons is established, one

can try to solve the many-body problem for the nuclear matter [19].

However, it is not obvious that the nuclear Hamiltonian includes only

two-body forces. Since we know that the nucleon is not an elementary

particle, we can expect that the interaction in a system of nucleons

is not fully additive, namely that it is not simply the sum of the in-

teractions between pairs of nucleons, but also three or more nucleon

forces must be considered. This important issue is discussed in Section

3.7. For the moment we restrict the treatment to the case of two-body

forces, which are expected anyhow to be dominant around saturation

or slightly above.

3.1 The Brueckner-Bethe-Goldstone expan-

sion

The Brueckner-Bethe-Goldstone (BBG) many-body theory is based on

the re-summation of the perturbation expansion of the ground state
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energy. The original bare NN interaction is systematically replaced by

an effective interaction that describes the in-medium scattering pro-

cesses. The in-vacuum T -matrix is replaced by the so called G-matrix,

that takes into account the effect of the Pauli blocking on the scattered

particles and the in-medium potential U(k) felt by each nucleon. The

corresponding integral equation for the G-matrix can be written

〈k1k2|G(ω)|k3k4〉 = 〈k1k2|v|k3k4〉+
∑

k′
3
k′
4

〈k1k2|G(ω)|k′
3k

′
4〉 ·

·(1−ΘF (k
′
3))(1−ΘF (k

′
4))

ω − ek′
3
+ ek′

4

〈k′
3k

′
4|G(ω)|k3k4〉 (3.5)

where the two factors 1 − ΘF (k) force the intermediate momenta to

be above the Fermi momentum (”particle states”), the single particle

energy ek = h̄2k2/2m + U(k) and the summation includes spin-isospin

variables. The G-matrix has not any more the hard core of the original

bare NN interaction and is defined even for bare interaction with an

infinite hard core. In this way the perturbation expansion is more

manageable. The introduction and choice of the single particle potential

are essential to make the re-summed expansion convergent. In order

to incorporate as much as possible higher order correlations the single

particle potential is calculated self-consistently with the G-matrix itself:

U(k; ρ) =
∑

k′≤kF

〈kk′|G(ek1 + ek2)|kk′〉. (3.6)

Here we restrict to indicate the expression of the correlation energy at

the so called Brueckner level (”two hole-line” approximation)

∆E2 =
1

2

∑

k′
1
,k′

2
<kF

〈k1k2|G(ek1 + ek2)|k3k4〉A

where

|k1k2 >= |k1k2 > −|k2k1 > . (3.7)
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At this level of approximation, which mainly includes two-body corre-

lations, one can find that the corresponding ground state wave function

Ψ can be written consistently as

|Ψ >= eŜ2 |Φ > (3.8)

where Φ is the unperturbed free particle ground state and Ŝ2 is the

two-particle correlator

Ŝ2 =
∑

k1,k2,k′1,k
′
2

1

4
〈k′

1k
′
2|S˙n|k1k2〉 a†(k′

1)a
†(k′

2)a(k2)a(k1) (3.9)

where the k′’s are hole momenta, i.e. inside the Fermi sphere, and the

k′’s are particle momenta, i.e. outside the Fermi sphere. The function

Ŝ2 is the so called ”defect function”. It can be written in term of the G-

matrix and it is just the difference between the in-medium interacting

and non interacting two-body wave functions.

One of the well known results of all these studies, that lasted for

about half a century, is the need of three-body forces (TBF) in order to

get the correct saturation point in symmetric nuclear matter. Once the

TBF are introduced, the resulting EoS, for symmetric matter and pure

neutron matter, is reported in Fig.(3.1) for the two-body interaction

Av18 (squares). The TBF’s produce a shift in energy and in density.

This adjustment is obtained by tuning the two parameters contained

in the TBF and was performed to get an optimal saturation point (the

minimum).

Special attention must be paid to the sub-saturation region of nu-

clear EoS. At very low-density homogeneous matter must behave as

a free Fermi gas, and therefore, as discussed above, the energy per

particle must increase with density. To join the region just below sat-

uration, where the energy is a decreasing function of density, a point

where the compressibility vanishes must exist. Below this point (lower
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where Φ is the unperturbed ground state wave function, properly an-

tisymmetrized, and the product runs over all possible distinct pairs of

particles. The correlation factor is here determined by the variational

principle, i.e. by imposing that the mean value of the Hamiltonian gets

a minimum

δ

δf

〈Ψ|H|Ψ〉
〈Ψ|Ψ〉 = 0 . (3.11)

In principle this is a functional equation for the correlation function

f , which however can be written explicitly in a closed form only if

additional suitable approximations are introduced. The function f(rij)

is assumed to converge to 1 at large distance and to go rapidly to

zero as rij → 0, to take into account the repulsive hard core of the

NN interaction. Furthermore, at distance just above the core radius,

a possible increase of the correlation function beyond the value 1 is

possible.

For nuclear matter it is necessary to introduce a channel dependent

correlation factor, which is equivalent to assume that f is actually a

two-body operator F̂ij. One then assumes that F̂ can be expanded

in the same spin-isospin, spin-orbit and tensor operators appearing in

the NN interaction. Momentum dependent operators, like spin-orbit,

are usually treated separately. The product in equation must be then

symmetrized since the different terms do not commute anymore.

If the two-body NN interaction is local and central, its mean value

is directly related to the pair distribution function g(r)

< V >=
1

2
ρ

∫
d3rv(r)g(r) , (3.12)

where

g(r1 − r2) =

∫
Πi>2d

3ri|Ψ(r1, r2....)|2∫
Πid3ri|Ψ(r1, r2....)|2

. (3.13)
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The main job in the variational method is to relate the pair distribution

function to the correlation factors F . Again, in nuclear matter also the

pair distribution function must be considered channel dependent and

the relation with the correlation factor becomes more complex. In gen-

eral this relation cannot be worked out exactly, and one has to rely

on some suitable expansion. Furthermore, three-body or higher cor-

relation functions must in general be introduced, which will depend

on three or more particle coordinates and describe higher order cor-

relations in the medium. Many excellent review papers exist in the

literature on the variational method and its extensive use for the de-

termination of nuclear matter EoS Ref [21, 20]. The best known and

most used variational nuclear matter EoS is the one calculated by Ak-

mal, Pandharipande and Ravenhall Ref [22]. In their paper the authors

showed calculations using the Argonne V18 NN interaction Ref [23], with

boost corrections to the two-nucleon interaction, which give the leading

relativistic effect of order (v/c)2. This latter EoS will be tested in this

thesis.

3.3 The Relativistic approach

The relativistic framework is the one on which the nuclear EoS should

be ultimately based. The best relativistic treatment developed so far is

the Dirac-Brueckner (DBHF) approach [9]. The DBHF method can be

developed in analogy with the non-relativistic case, i.e. the nucleon in-

side the nuclear medium is viewed as a dressed particle in consequence

of its two-body interaction with the surrounding nucleons. The two-

body correlations are described by introducing the in-medium relativis-

tic G-matrix. The DBHF scheme can be formulated as a self-consistent

problem between the single particle self-energy Σ and the G-matrix.
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Schematically, the equations can be written

G = V + i

∫
V QggG (3.14)

Σ = −i

∫

F

(Tr[gG]− gG) (3.15)

where Q is the Pauli operator which projects the intermediate two

particle momenta outside the Fermi sphere, as in the BBG G-matrix

equation, and g is the single particle Green’s function, which fulfills the

Dyson equation

g = g0 + g0Σg (3.16)

where g0 is the (relativistic) single particle Green’s function for a free

gas of nucleons, and Σ is the nucleon self-energy which expresses the

influence of the surrounding nucleons. The self-energy can be expanded

in the covariant form

Σ(k, kF ) = Σs(k, kF )− γ0Σ0(k, kF ) + γ · kΣv (3.17)

where γµ are the Dirac gamma matrices, and the coefficients of the ex-

pansion are scalar functions, which in general depend on the modulus

|k| of the three-momentum and on the energy k0. The free single parti-

cle eigenstates, which determine the spectral representation of the free

Green’s function, are solutions of the Dirac equation

[ γµk
µ − M ] u(k) = 0 (3.18)

where u is the Dirac spinor at four-momentum k. For the full single

particle Green’s function g the corresponding eigenstates satisfy

[ γµk
µ − M + Σ ] u(k)∗ = 0 (3.19)

Inserting the above general expression for Σ after a little manipulation

one gets

[ γµk
µ∗ − M∗ ]u(k)∗ = 0 (3.20)
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with

k0∗ =
k0 + Σ0

1 + Σv

; ki∗ = ki ; M∗ =
M + Σs

1 + Σv

(3.21)

This is the Dirac equation for a single particle in the medium, and the

corresponding solution is the spinor

u∗(k, s) =

√
E∗

k
+M∗

2M∗

(
1

σ · k
E∗

k
+M∗

)
χs ; E∗

k
=
√
k2 +M∗2 . (3.22)

In line with the Brueckner scheme, within the BBG expansion, in

the self-energy of equation only the contribution of the single parti-

cle Green’s function pole is considered. Furthermore, negative energy

states are neglected and one gets the usual self–consistent condition

between self–energy and scattering G–matrix.

In any case, the medium effect on the spinor of equation is to replace

the vacuum value of the nucleon mass and three–momentum with the

in–medium values of equation. This means that the in-medium Dirac

spinor is “rotated” with respect to the corresponding one in vacuum,

and a positive (particle) energy state in the medium has some non–zero

component on the negative (anti–particle) energy state in vacuum. In

terms of vacuum single nucleon states, the nuclear medium produces

automatically anti–nucleon states which contribute to the self–energy

and to the total energy of the system. It has been shown that this rel-

ativistic effect is equivalent to the introduction of well defined TBF’s

at the non–relativistic level. These TBF’s turn out to be repulsive,

and consequently produce a saturating effect. Actually, including in

BHF only these particular TBF’s, one gets results close to DBHF cal-

culations. Generally speaking, the DBHF gives in general a better

saturation point than BHF, and the corresponding EoS turns out to be

stiffer above saturation than the one calculated from the BHF + TBF

method.
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In the relativistic context the only NN potentials which have been

developed are the ones of one boson exchange (OBE) type. In the

results shown in this thesis the Bonn A potential is used.

3.4 Two-Nucleon Systems

Nucleon-Nucleon interaction is always divided into three parts as fol-

lows:

a) The long-range (LR from now on) part (r ≥ 2fm). In most models,

it is considered as One-Pion-Exchange Potential (OPEP ) and is added

to the other parts of the potential as a tail. In a simple form in r-space,

it reads

V
(1)
OPEP (r) =

g2pi
3
(~τ1 · ~τ2)

[
e(−µr)

r
(~σ1 · ~σ2) +

(
1 +

3

µr
+

3

(µr)3

)
e−µr

r
S12

]

(3.23)

where µ = 1 , r0 = h̄
mpic

and S12 = 3(~σ1 · r̂)(~σ2 · r̂) − (~σ1 · ~σ2) is the

usual tensor operator; and gpi is the coupling constant, which is ob-

tained from the experiments with mesons (meson-nucleon scattering).

This potential has earned some improvements such as considering the

difference between the neutral and charged pions and that it is different

for pp, nn, np interactions besides the clear forms raised from some new

models of NN interaction.

b) The intermediate/medium (MR from now on)−range part (1fm ≤
r ≤ 2fm). It comes from the various single-meson exchanges and

mainly from the scalar-meson exchanges (two pions and heavier mesons).

c) The short-range (SR from now on) part (r ≤ 1fm). It is always given

by exchanges of the vector bosons (heavier mesons and multi-pion ex-

changes) as well as the QCD effects. In some of the potential forms,

various Feynman diagrams, dependent on the considered exchanges, in

each of the three mentioned parts, are used. A general scheme for NN
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results with the experimental values.

3.5 Argonne V18 Potential

The ArgonneV18 (AV18) [23] potential is an updated version of the

nonrelativistic Argonne potential (ArgonneV14) that fits both np data

and pp data, as well as low-energy nn data scattering parameters and

deuteron properties. The potential was directly fit to the Nijmegen

NN scattering database, which contains 1787 pp and 2514 np data in

the range 0− 350 MeV , and has an excellent χ2 per datum of 1.09.

The strong interaction part of the potential is projected into an operator

format with 18 terms: a charge-independent part [24] with 14 operator

components (as in the older ArgonneV14 )

1, σi · σj, Sij, L · S, L2, L2σi · σj, (L · S)2,

τi·τj, (σi·σj), Sijτi·τj, L·S(τi·τj), L2(τi·τj), L2(σi·σj)(τi·τj), (L·S)2(τi·τj),
(3.25)

where

Sij = 3(~σi · r̂ij)(~σj · r̂ij)− ~σi · ~σj. (3.26)

The first eight operators are the standard ones required to fit singlet and

triplet S- and P -wave data. The four L operators provide for differences

between S and D waves, and P and F waves. The (L · S)2 operators

provide an independent way of splitting triplet states with different J

values. These 14 operators provide sufficient freedom to characterize

the 14 singlet and triplet S, P,D, and F states. Then we have a charge-

independence breaking part that has three charge-dependent operators

Tij, (σi · σj)Tij, SijTij (3.27)

where Tij = 3τziτzj − τi · τj is the isotensor operator, defined analogous
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to the Sij operator; and one charge-asymmetric operator

τzi + τzj (3.28)

The potential includes also a complete electromagnetic potential, con-

taining Coulomb, Darwin-Foldy, vacuum polarization, and magnetic

moment terms with finite-size effects. Matrix elements of the NN in-

teraction can be specified either in particle-particle (pp) coupling or in

particle-hole (ph) coupling. Both of the matrix elements completely

specify the interaction, and either set can be calculated from the other

set. The ArgonneV18 potential has the following general form:

V = VEM + VN + Vπ + VR, (3.29)

where Vπ is for an LR OPEP, VR is for MR and SR parts (called the

Remaining part), and VEM is for electromagnetic (EM) part. The EM

part, in turn, reads

VEM = VC1(r) + VC2(r) + VDF (r) + VV P (r) + VMM(r) (3.30)

where the terms with the indices C1, C2, DF, V P and MM stand for

one-photon, two-photon, Darwin-Foldy, vacuum-polarization and mag-

netic − moment interactions. In these interactions, some short-range

terms and the effects due to finite size of nucleon are also included.

The terms of VC2, VDF , VV P are used just for pp scattering while the

other terms have its own forms for each three scattering cases; and for

nn scattering, just VMM is used. The various EM potentials are given

through some combinations of the following functions, with masses,

coupling constants, coefficients and other constants determined from

other sources or from experimental data.

3.6 Bonn Potentials

The Bonn-group [25] has used the field-theoretical methods to deal with

NN interaction problem. In the first version, in 1987, they presented
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a comprehensive NN potential by including various meson-exchanges

which are important below the pion-production threshold. To do so,

the mesons of π, ω, δ as OBE ′s (One Boson Exchange) and ρ, 2π (as

the direct exchange and ∆(1232) - (isobar excitation) as TPE’s (Two

Pion Exchange) as well as a special combination of πρ were considered.

There were also 3π, 4π exchanges that did not have significant contri-

butions. Indeed, the OBE contributions provided good descriptions of

high l phase shifts while the TPE’s with πρ combination provided good

descriptions of low l phase shifts. So, in general, the exchanges of π and

ω together with ρ and 2π provided good descriptions of the LR andMR

(high l ’s) parts while for good describing the SR part (low l ’s), includ-

ing the πρ combination next to 2π exchange was required. We should

also mention that the δ meson was needed to provide a consistent de-

scription of S − wave phase shifts, and that including the crossed-box

diagrams in the two-boson-exchanges (TBE’s) (Two Boson Exchange)

made another fitting quality of the potential. This Full-Bonn (Bonn87

or Bonn-A) potential is originally written in p-space and is energy de-

pendent that makes its applications in nuclear calculations problematic.

To resolve some of the problems, a parameterization of the potential in

terms of OBE ′s in both p-space and r-space is given, which is always

called Bonn-B (or Bonn89) potential.

The Bonn Charge-Dependent (CD-Bonn) NN potential [23] is an

improved and updated version of the previous Bonn-A and Bonn-B

potentials. It is based on the OBE contributions of π, ρ, ω mesons

next to two scalar-isoscalar mesons of σ1, σ2, where the latter simulates

the roles of 2π + πω exchanges. The resultant potential is energy-

independent and produces the results of Full-Bonn potential. Although

CSB (Charge Symmetry Breaking) in the potentials is mainly due to

the difference between the proton and neutron masses (the nucleon mass

splitting), in CD-Bonn potential an equivalent contribution is due to
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TBE (mainly 2π and πρ exchange) diagrams. On the other hand, CIB

(Charge Independent Breaking) is mainly due to the difference between

the neutral and charged−pion masses (the pion mass splitting) from

OPE diagram, while in CD − Bonn potential an almost equivalent

contribution (about 50%) is due to TBE and πγ diagrams for l > 0

(or with the predictions of Full-Bonn model due to 2π as well as 3π

and 4π exchange diagrams). To see CIB in the potential, we first note

that although the OPE amplitudes in the potential are nonlocal, but

in the local/static approximation and after a Fourier transformation,

the local OPEP in r-space reads

V
(4)
OPEP (mpi) =

g2pi
12

( mpi

2M2

)[(e−µr

r
− 4π

µ2
δ3(~r)

)
(~σ1 · ~σ2)

+

(
1 +

3

µr
+

3

(µr)3

)
e−µr

r
S12

]
(3.31)

where µ = mπc
h̄
. Now, because of the pion mass splitting (as the main

CIB factor), we have

V pp
OPEP = V

(4)
OPEP (mπ0

),

V np
OPEP = −V

(4)
OPEP (mπ0

)± 2V
(4)
OPEP (mπ±

),
(3.32)

where in the second relation, + (−) is for T = 1 (T = 0). We see

that because of the pion mass differences, the np OPEP with T = 1

is weaker than that of pp, leading to CIB. It is also notable that

the ∆-isobar states and multi-meson exchanges in Full-Bonn (Bonn-A)

potential caused the energy dependence which was in turn problematic

in applying the potentials to direct nuclear calculations.

So, in CD-Bonn potential (also in Bonn−B potential) this problem

is avoided by using just OBE contributions. The three potentials of

pp, np, nn are not independent but they are related by CSB and CIB.

Each of them is first fitted to the related Nijmegen phase shifts. The

base phase shifts are a sum of the Nijmegen-group ones up to 1992,
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used also in ArgonneV18 potential, besides the published data after-

1992-date and before-2000-date. So, CD-Bonn potential fitted 2932 pp

data below Tlab = 350 MeV available in 2000 with χ2/Ndata = 1.01 and

the corresponding 3058 np data with χ2/Ndata = 1.02.

3.7 Three Body Forces

It is commonly known that non-relativistic calculations, based on purely

two-body interactions, fail to reproduce the correct saturation point of

symmetric nuclear matter. One of the well known results of several

studies, that lasted for about half a century, is the need of introducing

three-body forces (TBF’s). In our approach the TBF is reduced to a

density dependent two-body force by averaging over the position of the

third particle, assuming that the probability of having two particles

at a given distance is reduced according to the two-body correlation

function.

In this work we will illustrate results for two different approaches to

the TBF’s, i.e. a phenomenological and a microscopic one. The phe-

nomenological approach is based on the so-called Urbana model, which

consists of an attractive term due to two-pion exchange with excitation

of an intermediate ∆ resonance, and a repulsive phenomenological cen-

tral term. We introduced the same Urbana three-nucleon model within

the BHF approach. Those TBF’s produce a shift of about +1 MeV

in energy and −0.01fm−3 in density. This adjustment is obtained by

tuning the two parameters contained in the TBF’s, and was performed

to get an optimal saturation point (the minimum).

The connection between two-body and three-body forces within the

meson-nucleon theory of nuclear interaction is extensively discussed

and developed in Section 3.7.2. At present the theoretical status of

microscopically derived TBF ’s is still quite rudimentary, however a
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tentative approach has been proposed using the same meson-exchange

parameters as the underlying NN potential.

3.7.1 Phenomenological Three Body Forces

The standard NN interaction [26] models are based, in a more or less

direct way, to the meson-nucleon field theory, where the nucleon is con-

sidered an unstructured point-like particle. The ArgonneV18 and the

set of Bonn potentials fall in this category. In the one–boson exchange

potential (OBEP ) model one further assumes that no meson-meson

interaction is present, and each meson is exchanged in a different in-

terval of time from the others. However, the nucleon is a structured

particle, it is a bound state of three quarks with a gluon-mediated

interaction, according to Quantum Chromodynamics (QCD). The ab-

sorption and emission of mesons can be accompanied by a modification

of the nucleon structure in the intermediate states, even in the case

of NN scattering processes, in which only nucleonic degrees of free-

dom are present asymptotically. A way of describing such processes

is to introduce the possibility that the nucleon can be excited (“po-

larized”) to other states or resonances. The latter can be the known

resonances observed in meson-nucleon scattering. At low enough en-

ergy the dominant resonance is the ∆33, which is the lowest in mass.

One can then construct NN interaction potentials which explicitly in-

cludes these processes, and try to fit again the NN scattering data and

deuteron properties. Since the nucleon excitation is a virtual process,

i.e. no ∆33 is present on shell in the nuclear matter ground state, also

in many-body calculations what matters is the effective NN interac-

tion, namely the amplitude for the elementary processes in which both

the initial and final states correspond to two nucleons only. This ef-

fective interaction is necessarily different for two free nucleons and for

two nucleons in the nuclear medium, since the Pauli blocking and the
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higher density region, needed e.g. in neutron star studies, is obtained

by extrapolating the TBF from the saturation density region, where

they are actually adjusted. This EOS can therefore be inaccurate at

the higher densities. The contribution to the EOS of the TNF of

Eqs.(3.34) and (3.36) in this Brueckner scheme is treated in an approx-

imate way. Then the lowest order contribution, in the number of hole

lines, can be obtained by averaging over the position of one of the par-

ticles. In this way one gets an effective two-body interaction, which

is of course density dependent. This effective interaction can then be

inserted in the usual Brueckner scheme.

3.7.2 Microscopic Three-Body Force

The most extensive study of three-nucleon forces (TNF ) has been pur-

sued by Grangè and collaborators [26]. Fig.3.6 indicates some of the

processes which can give rise to TNF . Fig.3.6 is a generalization of the

process of Fig.3.3(b), where other nucleon resonances (e.g. the Roper

resonance) can appear as intermediate virtual excitation and other ex-

changed mesons can be present. Fig.3.6(b) includes possible non-linear

meson-nucleon coupling, as demanded by the chiral symmetry limit.

Fig.3.6(c) is the simplest one which includes meson-meson interaction.

Other processes of this type are of course possible, which involve other

meson-meson couplings, and they should be included in a complete

treatment of TNF . Fig.3.6(d) describes the effect of the virtual ex-

citation of a nucleon-antinucleon pair, and it is therefore somehow of

different nature from the others. It gives an important (repulsive) con-

tribution and it has been shown to describe the relativistic effect on the

EOS to first order in the ratio U/m between the single particle poten-

tial and the nucleon rest mass. The σ meson, appearing in some of the

diagrams, is a hypothetical scalar meson, believed to be responsible for

the intermediate attraction in the two-nucleon interaction. One should
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sity. In this domain indeed, the momenta of the exchanged mesons can

be large, and the contribution of heavy mesons (σ and ω) are domi-

nating over the 2π-3BF. More complicated processes could contribute

to the 3BF including other nucleonic excitations, but one may expect

that the lowest energy excitations, i.e. the isobar ∆(1232) resonance

and the Roper N∗(1440), play the major role in the density domain

here considered. The necessary coupling constants σNN∗ and ωNN∗

are calculated within the relativistic color dielectric model. The form

factors at these vertices are also calculated in this model. Note that

because of the orthogonality of the radial wave function of the N and

N∗, these form factors cannot have the usual dipole parametrization.

They are parametrized as follows:

FMNN∗(~k2) =
Λ2 + α~k2

Λ2 − αm2

(
Λ2 −m2

Λ2 + ~k2

)2

(3.37)

Once the dynamical origin of the NN potential is determined from

one boson exchange (OBE) mechanisms, all the parameters needed to

determine the 3BF are extracted from the NN potential itself. In the

case this NN potential is directly parametrized in terms of OBE po-

tentials, like the Bonn potentials, these parameters are given directly

from the fit to NN observables, or NN phase shifts. Instead, in the

case it is given in terms of a purely numerical parametrization, like the

Paris potential or the AV18 potential for instance, one has to extract

the equivalent OBE parameters by a direct comparison between var-

ious spin-isospin potential in the OBE form and in the parametrized

form. This procedure was used in order to extract meson exchange

parameters from the Paris potential. The π and ρ exchange parame-

ters were determined from the S = 1 tensor potential (keeping some of

the parameters, like masses and coupling constants, to their physical

values), while σ and ω exchange were determined from the central and

spin-orbit potentials. In the present calculations, the parameters of the
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3BF have been redetermined from the OBE potential model to fulfill

the self-consistency with the adopted two-body interaction AV18. It

is found that for the σ and ω exchange, the parameters derived from

the AV18 force remain the same as those given for the Paris potential.

While for the π and ρ exchange, the parameters have to be slightly

adjusted in order to fit reasonably both the tensor part and the spin-

spin part of the AV18 potential. As for the σ-meson mass, the value

of 540 MeV is still adopted, which has been checked to satisfactorily

reproduce the AV18 interaction from OBE potential. Varying of the σ-

meson mass from 540 MeV to 600 MeV does not change significantly

the self-consistency with AV18, so it is also an interesting point to in-

vestigate the effect of the σ-meson mass on the nuclear matter EOS.

The effect of the 3BF is included in the self-consistent Brueckner

procedure where an effective two-body interaction is constructed with-

out solving the full three-body problem. Starting from the 3BF inter-

action one defines the effective 2BF as

< ~r1~r2|V3|~r′1~r′2 >=
1

4
Tr
∑

n

∫
d~r3d~r

′
3φ

∗
n(~r

′
3)(1− η(r′13))(1− η(r′23))

×W3(~r
′

1 , ~r
′

2 ~r
′

3 |~r1~r2~r3)φn(r3)(1− η(r13))(1− η(r23)) (3.38)

where the trace is taken with respect to spin and isospin of the third

nucleon. This is nothing else than the average of the three-body force

over the wave function of the third particle taking into account via the

defect function η(r) the correlations between this particle and the two

others. The dependence on the defect function entails a selfconsistent

determination of the effective 2BF along with the G−matrix and aux-

iliary potential in that one must recalculate the effective 2BF at each

iterative step and then add it to the bare 2BF for the next loop. The

η(r) is actually the defect function averaged over spin and momenta

in the Fermi sea and it incorporates, for the sake of simplicity, only
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the most important partial l-wave components the 1S0 and 3S1 par-

tial waves. Corrections due to higher angular momenta in the defect

function are expected to be sizeable at high density.
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4.1 Symmetric Nuclear Matter

In this Section we will focus on a (fairly) good EoS for symmetric

nuclear matter, that is, when the protons and neutrons have the same

number of states, nP = nN . The total number of states is given by n =

nN + nP . We need to relate the first three nuclear ingredients, n0, BE

(Binding Energy) andK0, with the energy density of symmetric nuclear

matter, ǫ(n). The nuclear density is given by n = n(kF ). The energy

density also include the nuclear potential, V (n), that will be modeled.

The average energy per nucleon, E/N−mN , for the symmetric nuclear

matter is a function of n, and has a minimum at n = n0, corresponding

to a BE = −16MeV . This minimum is when

d

dn

(
E(n)

N

)
=

d

dn

(
ǫ(n)

n

)
= 0, for n = n0 (4.1)

This is a limitation for the parameters of V (n). Another, of course, will

be given from the binding energy

E

N
−mN = BE , for n = n0 (4.2)

The positive curvature at the end of this valley is linked to the nuclear

compressibility for which

K(n) = 9
dp(n)

dn
= 9

[
n2 d2

dn2

E(n)

N
+ 2n

d

dn

E(n)

N

]
(4.3)

at n = n0 this quantity is equal to K0.

4.2 Asymmetric and β-stable matter

In order to study the structure of neutron stars, we have to calculate the

composition and the EOS of cold, neutrino-free, catalyzed matter. We

require that the neutron star contains charge neutral matter consisting
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of neutrons, protons, and leptons (e−, µ−) in beta equilibrium, and

compute the EOS for charge neutral and beta-stable matter in the

following standard way [27, 28]. The Brueckner calculation yields the

energy density of lepton/baryon matter as a function of the different

partial densities,

ǫ(ρn, ρp, ρe, ρµ) = (ρnmn + ρpmp) + (ρn + ρp)
E

A
(ρn, ρp)

+ρµmµ +
1

2mµ

(3π2ρµ)
5/3

5π2
+

(3π2ρe)
4/3

4π2
(4.4)

where we have used ultrarelativistic and nonrelativistic approximations

for the energy densities of electrons and muons, respectively. In prac-

tice, it is sufficient to compute only the binding energy of symmetric nu-

clear matter and pure neutron matter, since within the BHF approach it

has been verified that a parabolic approximation for the binding energy

of nuclear matter with arbitrary proton fraction x = ρp/ρ, ρ = ρn + ρp,

is well fulfilled,

E

A
(ρ, x) ≈ E

A
(ρ, x = 0.5) + (1− 2x)2Esym(ρ) , (4.5)

where the symmetry energy Esym can be expressed in terms of the

difference of the energy per particle between pure neutron (x = 0) and

symmetric (x = 0.5) matter:

Esym(ρ) = −1

4

∂(E/A)

∂x
(ρ, 0) ≈ E

A
(ρ, 0)− E

A
(ρ, 0.5) . (4.6)

Knowing the energy density the various chemical potentials (of the

species i = n, p, e, µ) can be computed straightforwardly,

µi =
∂ǫ

∂ρi
, (4.7)

and the equations for beta-equilibrium,

µi = biµn − qiµe , (4.8)
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(bi and qi denoting baryon number and charge of species i) and charge

neutrality, ∑

i

ρiqi = 0 . (4.9)

This allows to determine the equilibrium composition ρi(ρ) at given

baryon density ρ and finally the EOS,

P (ρ) = ρ2
d

dρ

ǫ(ρi(ρ))

ρ
= ρ

dǫ

dρ
− ǫ = ρµn − ǫ . (4.10)

4.3 Heavy ions phenomenology

In the last two decades intensive studies of heavy ion reactions at en-

ergies ranging from few tens to several hundreds MeV/A have been

performed. The main goal has been the extraction from the data of the

gross properties of the nuclear EoS. It can be expected that in heavy

ion collisions at large enough energy nuclear matter is compressed and

that, at the same time, the two partners of the collisions produce flows

of matter. In principle the dynamics of the collisions should be con-

nected with the properties of the nuclear medium EoS and its viscosity.

In the so called ”multifragmentation” regime, after the collision nu-

merous nucleons and fragments of different sizes are emitted, and the

transverse flow, which is strongly affected by the matter compression

during the collision, can be measured. Based on numerical simulations,

in [29] a phenomenological range of densities was proposed where any

reasonable EoS for symmetric nuclear matter should pass through in

the pressure vs. density plane. The plot is reproduced in Fig.4.1.

The green dashed box represents the results of the numerical simu-

lations of the experimental data discussed in [29], and the brown filled

region represents the experimental data on kaons production, [30]. We

notice that the EoS calculated with the BHF and the variational meth-

ods including UVIX three-body forces look in agreement with the data
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Figure 4.1: Pressure as a function of baryon density for symmetric nuclear
matter. See text for details.

in the full density range. On the other hand, the BHF EoS obtained

using microscopic TBF’s are only marginally compatible with the ex-

perimental data, as well as the DBHF EoS, showing that they are too

repulsive already at density ρ ≥ 3ρ0 if the Bonn potentials are used.

Though, it has to be stressed that all EoS are compatible with the data

around the saturation density, i.e. their incompressibility is as soft as

required by the data. However, the values of the incompressibility do

not characterize completely the EoS, since it is density dependent, but

in any case the analysis indicates that the EoS at low density must be

soft.

A further constraint on the EoS is given by the symmetry energy

which has been extensively studied both from the theoretical and ex-

perimental point of view in [31]. The symmetry energy is displayed in

Fig.4.2 as a function of the nucleon density. The purple region is the

result of a recent analysis performed by P. Danielewicz on the isobaric
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analog states (IAS) in nuclei [32]. This stems from the charge indepen-

dence of nuclear interactions, i.e. strong interactions among nucleons

in the same state do not depend on whether the nucleons are protons or

neutrons. Therefore the energy difference between the ground state of

a nucleus with N > Z and the isobaric analogs of the ground states of

neighboring isobars are given by the symmetry energy, and the Coulomb

contributions to the binding energy can be determined using the IAS.

Many such states have been identified, and by fitting the available data

on the IAS, Danielewicz and Lee obtained the constraint shown as a

purple region in Fig.4.2. We observe that all EoS give results in very

good agreement with the experimental data, except the ones of BHF

with microscopic TBF at densities below the saturation density. In

Fig.4.3 we display the slope L as a function of the symmetry energy

at saturation density. Several experimental data are displayed. The

blue band represents experimental data from HIC, obtained from the

neutron and proton spectra from central collisions for 124Sn+124Sn and
112Sn+112 Sn reactions at 50 MeV/A [33]. At the same incident energy,

isospin diffusion was investigated. We remind that isospin diffusion in

HIC depends on the different N/Z asymmetry of the involved projec-

tiles and targets, hence it is used to probe the symmetry energy [34, 35].

The full red circle shows the results from isospin diffusion observables

measured for collisions at a lower beam energy of 35 MeV per nucleon

[36]. Transverse collective flows of hydrogen and helium isotopes as well

as intermediate mass fragments with Z < 9 have also been measured at

incident energy of 35 MeV/A in 70Zn +70 Zn , 64Zn +64 Zn, 64Ni +64 Ni

reactions and compared to transport calculations. The analysis yielded

values denoted by the full squares [37].

The box labelled by FRDM (finite-range droplet model) represents

a refinement of the droplet model [38], and includes microscopic ”shell”

effects and the extra binding associated with N = Z nuclei. The FRDM
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Figure 4.2: The symmetry energy is displayed as a function of the nucleon
density. The purple zone represents the recent data by P. Danielewicz [32],
whereas the different curves are the results of the microscopic many-body
methods.

reproduces nuclear binding energies of known nuclei within 0.1%, and

allows determination of both S0 = 32.5 ± 0.5 MeV and L = 70 ± 15

MeV.

In Fig.4.3 the other boxes represent experimental data obtained

from measurements of the neutron skin thickness. In light nuclei with

N ≈ Z, the neutrons and protons have similar density distributions.

With increasing the neutron number N , the radius of the neutron den-

sity distribution becomes larger than that of the protons, reflecting the

pressure of the symmetry energy. The measurement of the neutron skin

thickness is made on the stable nucleus 208Pb, which has a closed neu-

tron shell with N = 126 and a closed proton shell with Z = 82, hence

it is very asymmetric and the neutron skin is very thick. The possibil-

ity of measurements of the neutron radius in 208Pb by the experiment

PREX at Jefferson Laboratory has been widely discussed in [39, 40].
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The experiment PREX should extract the value of the neutron radius

in 208Pb from parity-violating electron scattering. However, the exper-

imental signature is very small, and the extracted thickness has a large

statistical uncertainty. In the next few years, a second experimental

run for PREX could reduce this large uncertainty [41].

Recent experimental data obtained by Zenihiro et al. [42] on the

neutron skin thickness of 208Pb deduced a value δRnp = 0.211+0.054
−0.063 fm.

From the experiments constraints on the symmetry energy were derived,

and these are plotted in Fig.4.3 as the short-dashed blue rectangular

box labelled Pb(~p, ~p).

Last, we mention the experimental data on the Pygmy Dipole Reso-

nance (PDR) in very neutron-rich nuclei such as 68Ni and 132Sn, which

peaks at excitation energies well below the Giant Dipole Resonance

(GDR), and exhausts about 5% of the energy-weighted sum rule [43].
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aries extracted from observations.

In many models it has been found that this percentage is linearly de-

pendent on the slope L of the symmetry energy. Carbone et al [44]

extracted a value of L = 64.8 ± 15.7 MeV, and S0 = 32.2 ± 1.3 MeV

using various models which connect L with the neutron skin thickness.

Those constraints are shown as a long-dashed rectangle in Fig.4.3 with

the label PDR.

The predictions of the different EoS are also reported in Fig.4.3

as full symbols. They are distributed within a large region and they

span a wide interval in the values of the parameter L. However, the

various phenomenological data are at best marginally compatible, and

it is difficult to put well definite constraints on the EoS. Tentatively,

from these data one can restrict the possible values of the symmetry

energy at saturation in a limited interval, approximately 30 < S0 < 35

MeV, where all the considered EoS are actually falling.



68 4. Results

400 800 1200 1600

ε (MeV/fm
3
)

1

10

100

1000
P

(M
eV

/f
m

3
)

APR, Av
18

 + UVIX TBF

BHF, Av
18

 + micro

BHF, Av
18

 + UVIX

BHF,  BonnB + micro

DBHF

400 800 1200 1600

ε (MeV/fm
3
)

APR, Av
18

 + UVIX TBF

BHF, Av
18

 + micro TBF

BHF, Av
18

 + UVIX TBF

BHF,  Bonn B + micro TBF

DBHF

r
ph

=R r
ph

>>R

Figure 4.5: Pressure as a function of the mass-energy density in neutron
star matter. See text for details.

4.4 Astrophysics

A neutron star is bound by gravity, and it is kept in hydrostatic equilib-

rium only by the pressure produced by the compressed nuclear matter.

It is then apparent that the nuclear matter EoS is the main medium

property that is relevant in this case, as can be seen in the celebrated

Tolman-Oppenheimer-Volkoff [28] equations, valid for spherically sym-

metric NS

dP

dr
= −G

ǫm

r2

(
1 +

P

ǫ

)(
1 +

4πPr3

m

)(
1− Gm

r

)−1

,

dm

dr
= 4πr2ǫ (4.11)

where G is the gravitational constant, P the pressure, ε the energy

density, and r the (relativistic) radius coordinate. To close the equa-

tions we need the relation between pressure and density, P = P (ε),
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i.e. just the EoS. Integrating these equations one gets the mass and

radius of the star for each central density. Typical values are 1-2 solar

masses (M⊙) and about 10 Km, respectively. This indicates the ex-

tremely high density of the object. It turns out that the mass of the

NS has a maximum value as a function of radius (or central density),

above which the star is unstable against collapse to a black hole. The

value of the maximum mass depends on the nuclear EoS, so that the

observation of a mass higher than the maximum one allowed by a given

EoS simply rules out that EoS. The considered microscopic EoS’s are

compatible with the largest mass observed up to now, that is close to

1.97 ± 0.04 M⊙ [5]. This is clearly shown in Fig.4.4, where the mass-

radius (left panel) and mass-central density relations (right panel) are

plotted for all the considered EoS’s as thick lines. It looks unlikely that

this value is indeed the largest possible NS mass, and therefore future

observational data on NS masses could overcome this limit and strongly

constrain the nuclear EoS.

It would be of course desirable to have some phenomenological data

also on the radius of NS. In Fig.4.4 a sample of observational data

taken from [45] is displayed by closed thin lines for different sources,

measured in quiescence and from thermonuclear bursts. It turns out

that the current measurements are consistent with radii in the range 8-

12 km and disfavor neutron stars with R ∼15 km. Those measurements

are consistent with the recent observation of the neutron star in SAX

J1748.9-2021, which points to the neutron star radius in the 8-11 km

range [46].

Additional tentative constraints on the nuclear EoS were obtained

in a recent analysis of the data on six NS based on Bayesian statistical

framework [47]. Depending on the hypothesis made on the structure

of the NS, the results are slightly different, as shown in Fig.4.5, where

the quantity rph is the photosphere radius. In the left panel rph is



70 4. Results

0 0.2 0.4 0.6 0.8 1

ρ[fm
-3

]

0

0.2

0.4

0.6

0.8

1

1.2

c
s/c

DBHF

BHF, Av
18

 + micro TBF

BHF, Av
18

 + UVIX TBF

BHF, Bonn B + micro TBF

APR, Av
18

 + UVIX TBF

Figure 4.6: The speed of sound is plotted as function of the nucleon density
for the EoS’s discussed in the text. The dots mark the central density for
the maximum mass of a neutron star.

comparable to the neutron star radius R, whereas in the right panel a

substantial expansion of the photosphere during an X-ray burst is as-

sumed to occur. The overall allowed region where the EoS’s should lie is

displayed in Fig.4.5 as bounding boxes, where the theoretical EoS’s just

discussed are also reported as thick lines. Among the different EoS’s,

only the one calculated with BHF and phenomenological Urbana model

appear to be compatible with the extracted observational constraints

over the whole density range. It turns out that other microscopic EoS

do not show the same agreement, in particular the EoS with BHF and

microscopic TBF and the DBHF EoS look too repulsive at high density.

These boundaries obtained from astrophysical data are complementary

to the ones obtained from heavy ion reactions, and illustrated in the

previous subsection. In fact, in heavy ion collisions the tested matter

is essentially symmetric, while in NS the matter is highly asymmetric.

Considered together, the two types of constraints probe the density

dependence of the symmetry energy.

In relation to the high density region of the nuclear EoS, an addi-
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tional test is on the speed of sound cS, that is required to be smaller

than the speed of light c (causality condition). The speed of sound is

directly connected with the incompressibility and the energy density,

according to the relativistic expression

cS
c

=

√
dP

dǫ
(4.12)

As such, it depends on the matter energy density and asymmetry. In

Fig.4.6 we plot the speed of sound in units of c as a function of the

density of the NS matter, according to each EoS. In the figure the full

points on each curve indicate the central density of the calculated NS

maximum mass for the given EoS. At large enough density most of the

EoS’s show a superluminal speed of sound. One finds that also the

DBHF EoS shows a superluminal behaviour. This is not completely

surprising, since the DBHF approach is actually based on the three-

dimensional reduction of the original four-dimensional Bethe-Salpeter

equation, and therefore it is not fully relativistic.

A further additional constraint on the neutron star EoS is provided
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by the observation of the double pulsar J0737-3039, and the interpre-

tation given by Podsiadlowski, [48]. In fact, the gravitational mass of

Pulsar B is very precisely known MG = 1.249±0.001M⊙, whereas esti-

mates of the baryonic mass depend upon its detailed mode of formation.

As modelled by Podsiadlowski et al., if the pulsar B was formed from

a white dwarf with an O-Ne-Mg core in an electron-capture supernova,

assuming no or negligible loss of baryonic mass during the collapse,

the newly born neutron star will have the same baryonic mass as the

precollapse core of the progenitor star, i.e. MB ≃ 1.366 − 1.375M⊙.

This result is displayed in Fig.4.7 as a black box. Though, taking into

account the uncertainty in the EoS and the small mass loss during

the collapse, Kitaura et al. [49] made another simulation which gave

MB = 1.360 ± 0.002M⊙, which is shown in Fig.4.7 by the dashed red

box. We have calculated for each neutron star matter EoS the relation

between the gravitational and baryonic mass, and these are displayed

in Fig.4.7 by the straight curves. We notice that the results of all mi-

croscopic EoS’s agree very well with the result of Podsiadlowski, at

variance with the calculations based on the phenomenological Skyrme

forces discussed in [50], where agreement was found with the result of

Kitaura et al. [49], which assumed small mass loss during the collapse.
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Cooling simulations [51], confronted with soft X-ray, extreme UV,

UV and optical observations of the thermal photon flux emitted from

the surfaces of neutron stars, provide most valuable information about

the physical processes operating in the interior of these objects. The

predominant cooling mechanism of hot (temperatures T ≥ 1010K)

newly formed neutron stars is neutrino emission, with an initial cooling

time scale of seconds. Neutrino cooling still dominates for at least the

first thousand years, and typically for much longer in slow (standard)

cooling scenarios. Photon emission eventually overtakes neutrinos when

the internal temperature has sufficiently dropped. Being sensitive to

the adopted nuclear equation of state (EOS), the stellar mass, the as-

sumed magnetic field strength, superfluidity, meson condensates, and

the possible presence of color-superconducting quark matter, theoret-

ical cooling calculations serve as a principal window on the proper-

ties of super-dense hadronic matter and neutron star structure. The

thermal evolution of neutron stars also yields information about such

temperature-sensitive properties as transport coefficients, crust solidi-

fication, and internal pulsar heating mechanisms. The basic features

of the cooling of a neutron star are easily grasped by simply consid-

ering the energy conservation equation for the star. In its Newtonian

formulation this equation reads

dEth

dt
= Cv

dT

dt
= −Lν − Lγ +H (5.1)

where Eth is the thermal energy content of the star, T its internal

temperature, and Cv its total specific heat. The energy sinks are the to-

tal neutrino luminosity Lν and the surface photon luminosity Lγ. The

source term H includes all possible “heating mechanisms” which, for in-

stance, convert magnetic or rotational energy into heat. The dominant

contributions to Cv come from the core, constituting more than 90%

of the total volume, whose constituents are quantum liquids of leptons,
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baryons, mesons, and possibly deconfined quarks at the highest densi-

ties. When baryons, and quarks, become paired their contribution to

Cv is strongly suppressed at temperatures T ≪ Tc (Tc being the corre-

sponding critical temperature). The crustal contribution is in principle

dominated by the free neutrons of the inner crust but, since these are

certainly extensively paired, practically only the nuclear lattice and

electrons contribute.

5.1 URCA Processes

As already mentioned in the introduction, neutron stars are born with

temperatures in excess of 1010K. The dominating cooling mechanism

of such objects for the first several thousand years after birth is neu-

trino emission from the interior. The most important effect on stellar

cooling is due to the URCA processes. After this time, cooling via

photon emission from the star’s surface takes over. The process was

first discussed by George Gamow and Mário Schenberg while they were

visiting a Casino named Cassino da Urca in Rio de Janeiro. Schoen-

berg is reported to have said to Gamow that ”the energy disappears

in the nucleus of the supernova as quickly as the money disappeared

at that roulette table”. Moreover in Gamow’s South Russian dialect,

”urca” can also mean a ”robber” [52]. In Tab. 5.1 we summarize the

dominant neutrino emitting processes together with their efficiency for

neutron star cooling and we now briefly describe the most important

ones.

Direct Urca Processes.

The beta decay and electron capture processes among nucleons,

n → p+ e− + ν̄e e and p+ e− → n+ νe , also known as nucleon direct

Urca process (or cycle), are only possible in neutron stars if the proton

fraction exceeds a critical threshold. Otherwise energy and momentum
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can not be conserved simultaneously for these reactions. For a neutron

star made up of only neutrons, protons and electrons, the critical proton

fraction is around 11%. This follows readily from kFn
= kFp

+ kFe

combined with the condition of electric charge neutrality of neutron star

matter. The triangle inequality then requires for the magnitudes of the

particle momenta kFn
≤ kFp

+kFe
, and charge neutrality constrains the

particle Fermi momenta according to kFp
= kFe

. Substituting kFp
= kFe

into the triangle inequality leads to kFn
≤ 2kFp

so that nn ≤ 8np for

the number densities of neutrons and protons. Expressed as a fraction

of the system’s total baryon number density, n = np + nn, one thus

arrives at np/n < 1/9 ≈ 0.11 as quoted above.

Medium effects and interactions among the particles modify this

value only slightly but the presence of muons raise it to about 0.15.

Hyperons, which may exist in neutron star matter rather abundantly,

produce neutrinos via the direct Urca process Σ− → Λ + e− + ν̄e with

Λ−+e− → Σ−+νe and similar ones involving hyperons and nucleons si-

multaneously. The cooling driven by the nucleon direct Urca, however,

dominates over the energy loss produced by the direct Urca process

among hyperons.

Modified Urca Processes. In absence of hyperons or meson con-

densates, or in case the proton fraction is below threshold, none of

the above described Urca processes is possible. In this case, the dom-

inant neutrino emission process is a second order process, variant of

the direct Urca process, called modified Urca process, in which a by-

stander neutron or proton participates to allow momentum conserva-

tion (see Table 5.1). Since this modified Urca process involves 5 de-

generate fermions, instead of three for the direct Urca and meson Urca

processes, its efficiency is reduced, simply by phase space limitation,

by a factor of order (T/TF )
2. This reduction, for TF ≈ 100MeV and

T = 0.1 MeV = 109 K, amounts to about 6 order of magnitude (!) and
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through a medium-modified-Urca process (“MMU” process).

5.2 Pairing

Pairing will unavoidably occur in a degenerate Fermi system in case

there is any attractive interaction between the particles. In case of

the baryons, and quarks, in the neutron star interior there are many

candidates for channels of attractive interactions, and the real question

is rather what is the critical temperature Tc at which pairing occurs.

Calculation of Tc are notoriously difficult and results often highly uncer-

tain. With respect to leptons, there is no obvious attractive interaction

which could lead to pairing with a Tc of significant value.

In the case of nucleons, at low Fermi momenta, pairing is predicted

to occur in the 1S0 angular momentum state while at larger momenta

neutrons are possibly paired in the 3P2 − 3F2 state (the mixing being

due to the tensor interaction). In the case of the neutron 1S0 pair-

ing, which occurs at densities corresponding to the crust and, possibly,

the outermost part of the core, much efforts have been invested in its

study and calculations are converging with time when more and more

sophisticated many-body models are used. In the case of the proton
1S0 pairing the situation is more delicate since it occurs at densities

(in the outer core) where protons are mixed, to a small amount, with

neutrons. Predictions for Tc span a much wider range than in the case

of the neutron 1S0 gap. Whether or not neutrons pair in the 3P2 − 3F2

channel is still uncertain, since even the best available models for the

nucleon-nucleon interaction fail to reproduce the measured 3P2 phase

shift in vacuum.

The enormous impact of pairing on the cooling comes directly from

the appearance of the energy gap ∆ at the Fermi surface which leads

to a suppression of all processes involving single particle excitations of
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Figure 5.1: Predictions for the nucleon pairing Tc. Left panel: neutron
1S0 pairing; all calculations include medium polarization in some measure
except for the dotted curve which illustrates the strong reduction effect of
polarization on this gap. Right panel: same for protons; no polarization
effects are taken into account except for the continuous curve; the shaded
area shows the range of expected Tc’s when polarization is taken into account.
Central panel: neutron 3P2 pairing, three typical results illustrating the
possible range.

the paired species. When T ≪ Tc the suppression is of the order of

e−∆/kBT and hence dramatic. The suppression depends on the temper-

ature dependence of ∆ and the details of the phase space involved in

each specific process. In numerical calculations it is introduced as a

control function. For the specific heat one has

cv(T ) −→ cpairedv (T ) = Rc(T/Tc)× cnormal
v (T ) , (5.2)

and the control functions have been calculated for both 1S0 and 3P2

pairing. For neutrino processes there is a long family of control func-

tions for all processes which must also consider which of the participat-

ing baryons are paired. As for cv one uses

ǫpairedν (T ) = Rν(T/Tc)× ǫnormal
ν (T ) , (5.3)

We plot in Fig. 5.2 several examples of control functions. It is important

to notice that the gap ∆ is actually a function of the particle momen-

tum, ∆ = ∆(k). For 1S0 pairing it is isotropic, i.e., ∆ = ∆(k), but for
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3P2 − 3F2 pairing the angular dependence of ∆(k) is complicated. In

this latter case many phases, with distinct angular dependences of ∆(k)

are possible and for several of them ∆(k) has nodes at some points of

along some lines on the Fermi surface. The control functions plotted in

Figure 5.2 assume nodeless gaps, but in cases of 1D nodes R ∼ (T/Tc)
2,

while for 2D nodes R ∼ T/Tc, at T ≪ Tc instead of a Boltzmann-like

suppression.

Cooper Pair Breaking and Formation (PBF) Processes. Be-

sides the above described, and well known, suppressing effects on the

specific heat and neutrino emissivities, the onset of pairing also opens

new channels for neutrino emission. The superfluid or superconducting

condensate is in thermal equilibrium with the single particle (“broken

pairs”) excitations and there is continuous formation and breaking of

Cooper pairs, which are very intense at temperatures slightly below Tc.

The formation of a Cooper pair liberates an energy which can be taken

away by a ν-ν̄ pair

X +X −→ [XX] + ν + ν̄ (5.4)

where [XX] denotes a Cooper pair of particles X (X stands for neu-

trons, protons, hyperons, quarks, etc.). As an example, the emissivity

for neutron 3P2 pairing is

qn,
3P2

ν = 8.6× 1021
(
nb

n0

)1/3(
m∗

n

mn

)
× R̃3P2

(T/Tc)

(
T

109 K

)7

,
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where the control function R̃ is plotted in the right panel of Fig. 5.2:

the process turns on at T = Tc, with an increasing efficiency when

T decreases, since the energy of the emitted neutrinos is determined

by the gap’s size which grows with decreasing temperature just below

Tc, and is eventually exponentially suppressed when T ≪ Tc as pair

breaking is frozen because kBT ≪ ∆. This process can be seen as a

bremsstrahlung with a very strong correlation in the final state and

referring to Tables 5.1 one sees that it is much more efficient that the

simple bremsstrahlung one and it can even dominate over the standard

modified Urca process.

5.2.1 The Surface Photon Luminosity and the En-
velope

The photon luminosity Lγ is traditionally expressed as

Lγ = 4πR2 · σSBT
4
e , (5.5)

which defines the effective temperature Te (σSB being the Stefan −
Boltzmann constant and R the stellar radius). The quantities L, R,

and Te are local quantities as measured by an observer at the stellar

surface. An external observer “at infinity” will measure these quantities

red-shifted, i.e., L∞ = e2φLγ, T∞ = eφTe, and R∞ = e−φR, where

e2φ ≡ g00 is the time component of the metric and is related to the

red-shift z by e−φ = 1 + z, so that

L∞ = 4πR2
∞ · σSBT

4
∞ . (5.6)

The luminosity Lγ, or L∞, is the main output of a cooling calculation,

and it can equally well be expressed in terms of Te or T∞. Numeri-

cal simulations calculate the time evolution of the internal temperature

T = T (ρ, t) and luminosity L = L(ρ, t) profiles (viewed as functions of

the density ρ instead of the radius r) up to an outer boundary ρb. This
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boundary is chosen such that at this point the diffusive luminosity L(ρb)

is equal to the photon luminosity at the surface, i.e., L(ρb) ≡ Lγ, and

an envelope model is glued as an outer boundary condition. Typically

ρb is taken as 1010 g cm−3 and the envelope is thus a thin layer, of the

order of a hundred meters thick, which is treated in the plane parallel

approximation. Assuming that the thermal relaxation time-scale of the

envelope is much shorter than the stellar evolution time-scale, and that

neutrino emission in the envelope is negligible, hydrostatic equilibrium

and heat transport reduce to ordinary differential equations which, with

the appropriate physical input, are easily solved. The result is a surface

temperature Ts ≡ Te for each given Tb ≡ T (ρb). It is usually called a

Tb − Ts or Tb − Te relationship. Through Eq. (5.5), this gives us a re-

lationship between L(ρb) ≡ Lγ and T (ρb) which is the outer boundary

condition for the cooling code. Te is actually controlled by a “sensitiv-

ity layer”, where electrons become partially degenerate and ions are in

the liquid phase. At higher densities the highly degenerate electrons are

extremely efficient in transporting heat while at lower densities photons

take over and are also very efficient. The density at which the sensitiv-

ity layer is located increases with increasing Tb. This sensitivity layer

is hence a throttle and once heat has passed through it, it can freely

flow to the surface and be radiated. The layers at densities below the

sensitivity layer have no effect at all on the thermal evolution of the

star, since they are unable to alter the heat flow, but the outermost

layer, the photosphere, is of course of upmost observational importance

since it is there that the energy distribution of the emerging flux, i.e.,

the observable spectrum, is determined. Gluing an envelope to an in-

terior solution is a standard technique in stellar evolution codes. For

neutron stars it has two extra advantages: it relieves us from solving for

hydrostatic equilibrium in the interior, since matter there is degener-

ate, and, most importantly, it allows us to easily include magnetic field
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effects. The magnetic field slightly enhances heat transport along it

but strongly suppresses it in the perpendicular direction, resulting in a

highly non uniform surface temperature. Assuming that magnetic field

effects on heat transport are negligible at ρ > ρb one keeps spherical

symmetry in the interior and thus has a unique Tb at ρb. For this given

uniform Tb one can piece together a set of envelope calculations for the

various field strengths and orientations along the stellar surface, cor-

responding to the assumed magnetic field structure, and thus obtain

a non uniform surface temperature distribution Ts(θ, φ), in spherical

coordinates (θ, φ). The effective temperature is simply obtained by av-

eraging the locally emerging photon flux Fγ(θ, φ) ≡ σSB T 4
s (θ, φ) over

the whole stellar surface

T 4
e ≡ 1

4π

∫ ∫
T 4
s (θ, φ) sin θ dθdφ (5.7)

Two examples of such temperature distributions are illustrated in Fig.5.3.

The overall effect on Te is nevertheless surprisingly small see the exam-

ples in Figure 5.3, and a non-magnetic envelope is actually a rather

good approximation. However, the assumption of spherical symmetry

at ρ > ρb is questionable.

Given that the overall effect of the magnetic field, in the envelope,

is not very strong, it turns out that the major uncertainty about the

envelope is its chemical composition. The standard neutron star crust

is made of cold catalyzed matter, which means 56Fe at low density (ρ <

106 g cm−3). However real neutron stars may be dirty and have lighter

elements at their surface. As was shown in the presence of light elements

in the envelope strongly enhances heat transport (e.g., the electron

thermal conductivity within liquid ions of charge Z, in the sensitivity

layer, is roughly proportional to 1/Z and results in a significantly higher

Te, for the same Tb, than in the case of a heavy element envelope.

Due to pycnonuclear fusion, light elements are unlikely to be present
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Figure 5.3: Two examples of surface temperature distributions induced
by the magnetic field, in an area preserving projection of the neutron star
surface (grey shading, shown on the right scale, follows the surface flux
instead of the temperature). Left panel assumes a dipolar field, with strength
1.2×1012 G at the pole located at (θ, φ) = (90o, 90o): for a core temperature
of 4.05× 107 K it gives Te = 5.43× 105 K while the maximum and minimal
surface temperatures, at the magnetic poles and along the magnetic equator,
respectively, are Tmax = 6.70×105 K and Tmin = 1.4×105 K. The right panels
shows the effect the same dipolar field to which a quadrupolar component
has been added: this results in Te = 5.31×105 K. This particular latter case
allows to reproduce the observed ROSAT X-ray pulse profile of Geminga
which shows a single very broad pulse while a purely dipolar field would
result in a double pulse profile (assuming the observer is in the direction
θ ≃ 90o and emission is isotropic blackbody). Finally, in absence of magnetic
field, the same internal temperature would result in Te = 5.54× 105 K.

at densities above 109 g cm−3. At very high Te this density is below

the sensitivity layer and light elements have little effect, but for Te

within the observed range (∼ 105 − 106 K) the sensitivity layer is at

a sufficiently low density so that it can easily be contaminated with

light elements and the Tb − Te relationship can be significantly altered.

However, if only a small amount of light elements is present at the

surface their effect will only be felt a low Te. In Fig. 5.4 is shown the

Tb−Te relationships for various amounts of light elements and also, for

comparison, the case of a magnetized envelope with a 1011 G dipolar

magnetic field.
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Figure 5.4: Relationship between the red-shifted effective temperature T∞
e

and the interior temperature Tb at the bottom of the envelope assuming
various amounts of light elements parameterized by η ≡ g2s 14∆ML/M (∆ML

is the mass in light elements in the envelope, gs 14 the surface gravity in units
of 1014 cm s−2, and M is the star’s mass), in the absence of a magnetic
field . Also shown are the Tb − T∞

e relationships for an envelope of heavy
elements with and without the presence of a dipolar field of strength of 1011

G following. Notice that the smaller is ∆ML the lower is the temperature
at which its effect is felt.

5.2.2 Effective Masses

The connection between two-body and three-body forces within the

meson-nucleon theory of the nuclear interaction is extensively discussed

and developed in references [53]. At present the theoretical status of

microscopically derived TBF is still quite rudimentary, however a ten-

tative approach has been proposed using the same meson-exchange pa-

rameters as the underlying NN potential. Results have been obtained

with the Argonne V18, the Bonn B, and the Nijmegen 93 potentials [11].

The nucleon effective massm∗ describes the nonlocality of the single
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x = 0.1, 0.2, 0.3, 0.4, 0.5. Results are plotted for different choices of two- and
three-body forces, as discussed in the text.

particle potential felt by a nucleon propagating in the nuclear medium.

It is of great interest since it is closely related to many nuclear phe-

nomena such as the dynamics of heavy-ion collisions at intermediate

and high energies, the damping of nuclear excitations and giant reso-

nances, and the adiabatic temperature of collapsing stellar matter. The

momentum-dependent effective mass is defined in terms of the s.p. en-

ergy,

m∗(k)

m
=

k

m

[
de(k)

dk

]−1

, (5.8)



5.2. Pairing 87

and clearly arises from both the momentum and energy dependence of

the microscopic s.p. potential [54]. For the applications we consider

the effective mass taken at the Fermi surface kFn,p
. In this Section, I

analyzed the effective mass obtained in the lowest-order BHF approx-

imation discussed above. It is well know that including second-order

“rearrangement” contributions to the s.p. potential increases the the-

oretical m∗ values. However, the inclusion of the rearrangement term

would require also the re-examination of the EOS, since the three hole-

line contribution is altered by the modification of the s.p. potential, and

it could be not any more negligible. I defer the analysis of this point to

later work and concentrate here rather on the dependence of the results

with respect to the choice of the two-body and three-body forces. NS

matter is composed of asymmetric nuclear matter, where the effective

mass depends both on the nucleon density and on the proton fraction

x = ρp/ρ. The BHF neutron and proton effective masses in asymmet-

ric matter are displayed in Fig. 5.5 as a function of the nucleon density

for several values of the proton fraction. Different choices of the NN

potential and TBF are compared, namely, I will display results for

the Argonne V18 potential without TBF (V18, dash-dotted lines), with

microscopic TBF (V18+TBF, dotted lines), with phenomenological Ur-

bana TBF (V18+UIX, solid lines), and for the CD Bonn potential plus

Urbana TBF (CDB+UIX, dashed lines). We see that without TBF

the values of the effective masses decrease with increasing nucleon den-

sity, whereas the inclusion of TBF causes an increase of the values at

densities above 0.3–0.4 fm−3 for both protons and neutrons and all con-

sidered models. This is due to the repulsive character of the TBF at

high density. There is evidently a strong dependence on the chosen

set of interactions, which reflects in particular the current theoretical

uncertainty regarding nuclear TBF at high density. For easy imple-

mentation in astrophysical applications, polynomial fits of the effective
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In the presence of superfluidity the dependence is highly nontrivial and

requires detailed calculations. In the following all emissivities Q are

given in units of erg cm−3 s−1.

In the absence of pairing, as already discussed, three main mecha-

nisms are usually taken into account, which are the direct Urca (DU),

the modified Urca (MU), and the NN bremsstrahlung (BNN) processes.

By far the most efficient mechanism of NS cooling is the DU process,

for which the derivation of the emissivity under the condition of β equi-

librium is based on the β-decay theory. The result for npe NS matter

is given by

Q(DU) ≈ 4.0× 1027M11T
6
9 Θ(kFp

+ kFe
− kFn

) , (5.11)

where T9 is the temperature in units of 109K. If muons are present, then

the equivalent DU process may also become possible, in which case the

neutrino emissivity is increased by a factor of 2.

The emissivities of the MU processes in the neutron and proton

branches [55, 56] are given respectively by

Q(Mn) ≈ 8.1× 1021M31T
8
9αnβn ,

Q(Mp) ≈ 8.1× 1021M13T
8
9αpβp

(
1− kFe

/4kFp

)
ΘMp ,

(5.12)

where the factor αn (αp) takes into account the momentum transfer

dependence of the squared reaction matrix element of the neutron (pro-

ton) branch under the Born approximation, and βn (βp) includes the

non-Born corrections due to the NN interaction effects, which are not

described by the one-pion exchange. The currently adopted values are

αp = αn = 1.13 and βp = βn = 0.68. The main difference between the

proton branch and the neutron branch is the threshold character, since

the proton branch is allowed only if kFn
< 3kFp

+ kFe
, in which case

ΘMp = 1. If muons are present in the dense NS matter, the equivalent

MU processes become also possible.
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Following the discussion above, the neutrino emissivity jumps di-

rectly from the value of the MU process to that of the DU process.

Thus, the DU process appears in a step-like manner. In the absence

of the DU process, the standard neutrino luminosity of the npe mat-

ter is determined not only by the MU processes but also by the BNN

processes in NN collisions:

N +N → N +N + ν + ν . (5.13)

These reactions proceed via weak neutral currents and produce neutrino

pairs of any flavor. In analogy with the MU process, the emissivities

depend on the employed model of NN interactions. Contrary to the

MU, an elementary act of the NN bremsstrahlung does not change

the composition of matter. The BNN has evidently no thresholds

associated with momentum conservation and operates at any density

in the uniform matter. The neutrino emissivity of the BNN processes

in npe NS matter is

Q(Bnn) ≈ 2.3× 1020M40T
8
9αnnβnn(ρn/ρp)

1/3 , (5.14)

Q(Bnp) ≈ 4.5× 1020M22T
8
9αnpβnp , (5.15)

Q(Bpp) ≈ 2.3× 1020M04T
8
9αppβpp . (5.16)

The dimensionless factors αNN come from the estimates of the squared

matrix elements at ρ = ρ0: αnn = 0.59, αnp = 1.06, αpp = 0.11. The

correction factors βNN are taken as βnn = 0.56, βnp = 0.66, βpp = 0.70.

All three processes are of comparable intensity, with Q(Bpp) < Q(Bpn) <

Q(Bnn).

5.4 Results for β-stable matter

For the treatment of NS matter we assume as usual charge neutral, ρp =

ρe + ρµ, and β-stable, µn − µp = µe = µµ, nuclear matter. In Fig. 5.6 I
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Figure 5.6: Proton fraction (upper panel; the dots indicate the onset of
the DU process) and neutron/proton effective masses (central/lower panel)
in β-stable matter obtained with different interactions.

show results for this case, obtained with the different combinations of

two- and three-body potentials introduced before. In the upper panel

the proton fraction is displayed as a function of the nucleon density,

whereas the middle and lower panels show the neutron and proton

effective masses, respectively.

We observe that the inclusion of TBF increases the proton fraction

[57] due to the increased repulsion at large density, leading to the onset

of the DU process in all cases (at different threshold densities indicated

by markers). The effective masses also start to increase at high density

due to the action of TBF, but depend strongly on the interactions: the
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Figure 5.7: Reduction factors Mij (solid lines) and M̃ij (dashed lines)
for the various cooling processes in β-stable matter obtained with different
interactions. See text for details.

V 18 + TBF model predicts the strongest and the CDB + UIX the

weakest medium effects. Note that the value of the effective mass in

β-stable matter obtained with different interactions is a consequence,

apart from the differences shown in Fig. 5.5, also of the different proton

fractions, as shown in the upper panel of Fig. 5.6.

Finally I combine the results shown in the various panels of Fig. 5.6

in order to obtain the reduction factors Mij, M̃ij, Eq. (5.10), for the dif-

ferent cooling processes. Fig. 5.7 displays the different factors M11 (for

DU), M31, M31 (for MU), and M40, M22, M04 (for BNN) [solid curves]

and the corresponding M̃ij factors [dashed curves]. In line with the

previous discussion, one notes again the strong interaction dependence

of both the complete factors Mij and the in-medium modification fac-

tors M̃ij. The latter show generally (apart from the CDB+UIX at high

density) a reduction of the emissivities due to the general in-medium

reduction of the effective masses.
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5.5 The Study of Cooling

With the commissioning of increasingly sophisticated instruments, more

and more details of the very faint signals emitted by neutron stars (NS)

can be quantitatively monitored. This will allow in the near future an

ever increasing accuracy to constrain the theoretical ideas for the ultra-

dense matter that composes these objects.

One important tool of analysis is the temperature-vs-age cooling

diagram, in which currently a few (∼ 20) observed NS are located. NS

cooling is over a vast domain of time (10−10 − 105 yrs) dominated by

neutrino emission due to several microscopic processes [55, 58]. The

theoretical analysis of these reactions requires the knowledge of the

elementary matrix elements, the relevant beta-stable nuclear equation

of state (EOS), and, most important, the superfluid properties of the

stellar matter, i.e., the gaps and critical temperatures in the different

pairing channels.

Even assuming (without proper justification) the absence of exotic

components like hyperons and/or quark matter, the great variety of

required input information under extreme conditions, that is theoret-

ically not well under or out of control, renders the task of providing

reliable and quantitative predictions currently extremely difficult.

Recently this activity has been spurred by the observation of very

rapid cooling of the supernova remnant Cas A. Unfortunately we do

not have a precise date for this event because probably the explosion

was of magnitude + 6 being covered by galactic clouds. In any case

we agree that the current age is 335 years and the surface temperature

T ≈ 2×106 K. For this kind of compact object different analyses deduce

a temperature decline of about 2 to 5 percent during the last ten years.

[59, 60, 13]. Mass and radius of this object are not directly observed,

but in recent works optimal values of M = 1.62M⊙, R ≈ 10.2 km [13]
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or a range of M = (1.1 − 1.7)M⊙, R ≈ (11.4 − 12.6) km are reported,

dependent on the assumed EOS.

Two major theoretical scenarios have been proposed to explain this

observation: one is to assume a fine-tuned small neutron 3PF2 (n3P2)

gap, Tc ≈ (5 − 9) × 108 K ∼ O(0.1MeV) [61], that generates strong

cooling at the right moment due to the superfluid neutron pair breaking

and formation (PBF) mechanism; the other one is based on a strongly

reduced thermal conductivity of the stellar matter that delays the heat

propagation from the core to the crust to a time compatible with the

age of Cas A. Both explanations have in common that they exclude the

possibility of large (≥ 0.1MeV) n3P2 gaps; in the first case because the

corresponding critical temperature of the PBF process has to match the

current internal temperature of Cas A; in the second case because such

a gap would block too strongly the modified Urca (MU) cooling of the

star and therefore lead to a too high temperature of Cas A.

Some alternative scenarios have also been brought forward. Amongst

them, it was suggested that the fast cooling regime observed in Cas

A can be explained if the Joule heating produced by dissipation of

the small-scale magnetic field in the crust is taken into account. An-

other scenario suggested that the enhancement of the neutrino emis-

sion is triggered by a transition from a fully gapped two-flavor color-

superconducting phase to a gapless/crystalline phase, although such a

scenario requires a very massive ∼ 2M⊙ star.

A common feature of all these cooling scenarios is that they ex-

clude from the beginning the possibility of very fast direct Urca (DU)

cooling, although many microscopic nuclear EOS do reach easily the re-

quired proton fractions for this process; and we will employ in this work

an EOS that does so. However, the Akmal-Pandharipande-Ravenhall

(APR) variational EOS [22], in spite of the fact that it does not re-

produce the empirical saturation point of nuclear matter without an
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ad-hoc correction, features a rather low proton fraction and DU cool-

ing only sets in for very heavy neutron stars, M ≥ 2M⊙. Since in any

case neither this nor any other EOS can currently be experimentally

verified or falsified at high density, the frequent use of one particular

EOS represents an important bias that should not be underestimated.

Another critical point of most current cooling simulations is the

fact that EOS and pairing gaps are treated in disjoint and inconsistent

manner, i.e., a given EOS is combined with pairing gaps obtained within

a different theoretical approach and using different input interactions.

I tried to improve on both aspects, i.e., I included the DU cooling

process predicted by mine microscopic nuclear EOS, and I used com-

patible nuclear pairing gaps obtained with exactly the same nuclear

(in-medium) interaction. Furthermore, I also employed recent results

for nucleon effective masses obtained in the same approach with the

same interactions [11], which affect the microscopic cooling reactions.

5.6 Equation of state

The EOS labeled as ”BHF” is the EOS studied until now (including

effective masses) while the ”APR” is the well known EoS by Akmal,

Pandaripande and Ravenhall and discussed previously [22]. I use here

the original APR “A18+δv+UIX∗ corrected” results and not one of the

parametrized versions, where the high-density behavior is arbitrarily

modified.

I compare in Fig. 5.8 the NS EOS’s obtained with the APR and BHF

models [19], i.e., panels (a) and (b) show pressure, energy density, and

proton and muon fractions of beta-stable and charge-neutral matter as

functions of the baryon density. It is obvious that the crucial difference

between both models is the much higher proton fraction in the BHF

approach. In this case the DU threshold is already reached at ρ =
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tions (b) as functions of baryon number density ρ in beta-stable matter for
the APR and BHF EOS. The lower panels show neutron star mass (d) and
radius (c) as functions of the central density ρc. The DU onset is indicated
by vertical dotted lines.
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0.44 fm−3 (xp = 0.136), whereas with the APR it is delayed to ρ =

0.82 fm−3 (xp = 0.140).

On the contrary, the APR EOS is somewhat stiffer, i.e., features a

larger pressure and energy density. I also mention that the APR EOS

becomes superluminal at ρ = 0.85 fm−3, whereas BHF remains always

below the critical threshold.

By solving the standard Tolman-Oppenheimer-Volkov equations for

the NS structure, this input yields the NS (mass , radius) – central

density relations shown in panels (c) and (d) of Fig. 5.8. I remark

that both models reach maximum masses (slightly) above two solar

masses and predict very similar radii in spite of their different matter

composition. With BHF the DU process is active in nearly all stars,

M/M⊙ > 1.10, while with APR only in the most heavy ones, M/M⊙ >

2.03. This has profound consequences for the cooling behavior.

5.7 Pairing gaps and critical temperatures

Of vital importance for any cooling simulation is the knowledge of the

1S0 and 3PF2 pairing gaps for neutrons and protons in beta-stable

matter, which on one hand block the DU and MU reactions, and on

the other hand open new cooling channels by the PBF mechanism for

stellar matter in the vicinity of the critical temperature. As usual,

I focus on the most important proton 1S0 (p1S0) and neutron 3PF2

(n3P2) pairing channels and neglect the less important remaining com-

binations.

As stressed before, the gaps should be computed in a framework

that is consistent with the determination of the EOS, i.e., be based

on the same NN interaction and using the same medium effects (TBF

and effective masses), and indeed we follow this procedure here, which

employed the same V18+UIX nuclear interaction and BHF s.p. spectra
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for the calculation of the gaps. To be more precise, and focusing on the

more general case of pairing in the coupled 3PF2 channel, the pairing

gaps were computed on the BCS level by solving the (angle-averaged)

gap equation [62, 63] for the two-component L = 1, 3 gap function,

(
∆1

∆3

)
(k) = − 1

π

∫ ∞

0

dk′k′2 1

E(k′)

(
V11 V13

V31 V33

)
(k, k′)

(
∆1

∆3

)
(k′) (5.17)

with

E(k)2 = [e(k)− µ]2 +∆1(k)
2 +∆3(k)

2 , (5.18)

while fixing the (neutron or proton) density,

ρ =
k3
F

3π2
= 2

∑

k

1

2

[
1− e(k)− µ

E(k)

]
. (5.19)

Here e(k) are the BHF s.p. energies containing contributions due to

two-body and three-body forces, µ ≈ e(kF ) is the (neutron) chemical

potential determined self-consistently from Eqs. (5.17–5.19), and

VLL′(k, k′) =

∫ ∞

0

dr r2 jL′(k′r)V TS
LL′(r) jL(kr) (5.20)

are the relevant potential matrix elements (T = 1 and S = 1; L,L′ =

1, 3 for the 3PF2 channel, S = 0; L,L′ = 0 for the 1S0 channel) with

V = V18 + V̄UIX , (5.21)

composed of two-body force and averaged TBF. The relation between

(angle-averaged) pairing gap at zero temperature is

∆ ≡
√
∆2

1(kF ) + ∆2
3(kF ) (5.22)

obtained in this way and the critical temperature of superfluidity is

then Tc ≈ 0.567 ∆. Fig. 5.9 displays the p1S0 and n3P2 pairing gaps

as a function of baryonic density of beta-stable matter for the APR

(upper panel) and BHF (lower panel) models. Also indicated are the
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central densities of NS with different masses, in order to easily identify

which range of gaps is active in different stars. Note that the in-medium

modification of the pairing interaction is treated consistently (via the

compatible s.p. energies and TBF) only in the BHF model.

Different levels of approximation for the calculation of gaps were

discussed, in particular one including only the two-body force V18 in

Eq. (5.21) together with the kinetic s.p. energies, and another one

(curves denoted by p1S0* and n3P2* in Fig. 5.9) using the BHF s.p.

spectra. Note that polarization corrections [64] were not considered

in that work, which for the case of the 1S0 channel are known to be

repulsive, but for the 3PF2 are still essentially unknown, and might

change the value of the gaps even by orders of magnitude. In order to

represent this uncertainty, we use in the cooling simulations the density

dependence of the pairing gaps shown in Fig. 5.9, but employ global

scaling factors sp and sn, respectively.

Qualitatively one observes in Fig. 5.9 the natural scaling effect of

the different proton fractions for the BHF and APR EOS, such that

the p1S0 gaps extend to larger (central) densities for the APR model,

due to the lower proton fraction in that case. Therefore the blocking

effect on the cooling extends up to higher densities and NS masses for

the APR model. The crucial difference is again the onset of the DU

process, which is active for nearly all NS in the BHF case. However, the

n3P2(∗) gaps extend up to very large density and can thus provide an

efficient means to block this cooling process, in particular for the n3P2∗

model comprising medium effects. The price to pay is an enhanced PBF

cooling rate close to the critical temperature in that case. Note that the

3P2 gaps shown in the figure are larger than those currently employed

in cooling simulations, which will be discussed in the next section, and

that at the moment there exists no satisfactory theoretical calculation

of p-wave pairing that includes consistently all medium effects.
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5.8 Neutron star cooling and Cas A

Having quantitatively specified EOS and pairing gaps, the NS cooling

simulations are carried out using the widely used code NSCool [65],

which comprises all relevant cooling reactions: DU, MU, PBF, and

Bremsstrahlung.

A further important ingredient of the simulations is the (leptonic

and baryonic) thermal conductivity. Recently it has been conjectured

that the conductivities could be substantially (by one order of magni-

tude) suppressed by in-medium effects, and this has been put forward

as an alternative explanation of the rapid Cas A cooling. We follow

this idea by introducing a further global scale factor sκ multiplying the

total thermal conductivity. Therefore our calculations are controlled by

the three global parameters sp, sn, sκ, and we present now some selected

results for certain parameter choices.

5.8.1 Scenario 1: Original model, no scaling

For the sake of illustration and better understanding, I begin by show-

ing the results obtained with the original pairing gaps shown in Fig. 5.9,

and without any modification of the conductivities, i.e., setting sp =

sn = sk = 1. Moreover we use the neutron 1S0 BCS gap without any

rescaling, although the beta-stable matter in the relevant subnuclear

density domain of the crust is inhomogeneous and therefore more elab-

orate considerations should be done.

The upper panel of Fig. 5.10 shows the temperature vs age results

(11 curves for NS with masses 1.0, 1.1, ......., 2.0) obtained with the BCS

gaps without any medium modification (dashed red curves in the lower

panel of Fig. 5.9), while the lower panel employs the gaps with BHF

effective masses (black curves in Fig. 5.9), which is indicated by the

notation s∗p = s∗n = 1 here and in the following. In all cases a heavy (Fe)
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Figure 5.10: Cooling curves with the BHF EOS and no scaling factors,
for different NS masses M/M⊙ = 1.0, 1.1, ....., 2.0 (decreasing curves). The
upper panel employs BCS gaps with free s.p. spectra, whereas in the lower
panel the BHF s.p. spectra are used. Red dots show the Cas A cooling data
(enlarged in the inset of the upper panel; the M/M⊙ =1.1 and 1.2 curves
overlap).
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elements atmosphere (η = 0) has been assumed. One observes results

in line with the features of the pairing gaps , namely in the upper panel

light (M ≤ 1.4M⊙) NS cool slower and heavy (M ≥ 1.7M⊙) NS cool

faster than in the lower panel. This is due to the larger overall values

of the corresponding BCS gaps in the low-density (n ≤ 0.6 fm−3) region

and the smaller n3P2 value in the high-density (n ≥ 0.7 fm−3) domain,

see Fig. 5.9, which cause, respectively, a stronger or weaker blocking of

the dominant DU process in light or heavy stars.

Very old and warm stars (PSR B1055-52, RX J0720.4-3125) are not

covered by any cooling curve, just as in the equivalent investigation

within the APR model. Altogether the cooling curves for warm stars

appear quite similar to those in that reference, while there is no diffi-

culty at all to explain cold stars due to the DU mechanism in the BHF

model.

The major shortcoming of both scenarios in Fig. 5.10 is that they

cannot reproduce the particular cooling properties of Cas A; while the

first one can fit its current age and temperature as a M= 1.2M⊙ NS,

neither reproduces the very fast current cooldown, shown in the inset

of the upper panel. Precisely for this reason special scenarios with

fine-tuned parameters have been developed, which I analyze now.

5.8.2 Scenario 2: Neutron pair breaking cooling

A frequent explanation of the rapid cooling of Cas A is the one based on

an appropriately chosen n3P2 gap, which causes strong cooling due to

the opening of the neutron PBF process at the current age/temperature

of the star. The BHF EOS including strong DU reactions also allows

this interpretation by choosing the scaling factors sp = 2.0, sn = 0.132,

sκ = 1 for a 1.4M⊙ star, corresponding to maximum values of the gaps

∆p ≈ 6MeV and ∆n ≈ 0.1MeV, i.e., ∆p is larger than usually chosen

(in order to block the fast DU reaction; the domain of the p1S0 gap
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Figure 5.11: Same as Fig. 5.10, for the PBF cooling scenario. The M=
1.4M⊙ cooling curve passes through Cas A by construction.

fully covers NS up to about 1.6M⊙, see Fig. 5.10).

The results are shown in Fig. 5.11, which displays the sequence of

cooling curves for NS masses M/M⊙ = 1.0, 1.1, ....., 2.0, the 1.4 case

corresponding to Cas A by construction; (this might be changed within

reasonable limits by choosing different scaling factors). In this case the

neutron 1S0 gap has been rescaled by a factor 0.04 for finetuning. As

in similar investigations, one notes that the rapid cooldown caused by

the n3P2 PBF renders even more difficult the reproduction of old hot

stars. Also for this reason alternative scenarios have been developed,

and I analyze one of them now.

5.8.3 Scenario 3: Suppressed thermal conductivity

This approach features strongly suppressed lepton and baryon thermal

conductivities, which we roughly simulate by the scaling parameter sκ.

This serves to delay the temperature decline up to the current age of

Cas A without need to introduce fine-tuned nPBF cooling. A further

peculiarity of this model is the fact that the standard MU cooling is
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Figure 5.12: Same as Fig. 5.11, for two delayed cooling scenarios.
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strongly enhanced by assumed in-medium effects (MMU), which pro-

vides fast cooling for heavy NS, without need of DU cooling [66]. Our

EOS also accommodates this possibility, as demonstrated in Fig. 5.12.

The upper panel shows a rather satisfactory fit of all cooling data in-

cluding Cas A, employing the parameter set s∗p = 1, s∗n = 0, sκ = 0.135,

where the size of sκ is comparable to the values of about 0.2 deduced

in [67, 68].

In this scenario a rather small value of the n3P2 gap seems to be

required, as otherwise old hot (and also young cold) NS cannot be

obtained, even if Cas A is reproduced. This is demonstrated by a

typical result (s∗p = 2.0, s∗n = 1.1, sκ = 0.13, the n1S0 gap has been

reduced by 0.09, and η = 0.03 here), shown in the lower panel of the

figure, where large values for both gaps are used. The finite large n3P2

gap causes an early rapid cooldown incompatible with the temperature

of most old NS, but at the same time together with the large p1S0 gap

reduces too strongly the DU and MU cooling in order to fit young cold

stars.

5.8.4 Scenario 4: No Cas A constraint

The previous results have shown that it is difficult to satisfy simulta-

neously the rapid cooling of Cas A and the slow cooling of old NS.

However, recently doubts have been expressed about the validity of the

Cas A data analysis, such that a future revision is not excluded. In any

case I study finally a scenario without the Cas A constraint (apart from

reproducing its current age and temperature with a reasonable mass) in

mine strong DU model, trying to cover the full range of current cooling

data. Starting from the observation that the use of the unscaled BCS

gaps in Fig. 5.10 yields already a resonable reproduction of most young

NS, and considering the fact that a finite n3P2 gap produces too strong

PBF cooling, simply switching off this channel yields a nearly perfect
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Figure 5.13: Same as Fig. 5.10, using sn = 0, sκ = 1, and different choices
of sp = 0.5, 1.0, 2.0 (from top to bottom).
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coverage of all current cooling data, as shown in Fig. 5.13(b). In this

scenario Cas A turns out a 1.31M⊙ NS.

Thus the BCS p1S0 gap alone is able to suppress sufficiently the

DU cooling, provided that it extends over a large enough density range.

Since in this case the p1S0 gap is perhaps somewhat large (although this

might be compensated by a different density shape), I finally investigate

the effect of rescaling it with factors sp = 0.5 and sp = 2, shown in

panels (a) and (c). It turns out that in both cases the quality of the

cooling simulation remains excellent, just the predicted mass of Cas A is

varying between 1.18M⊙ and 1.46M⊙. This illustrates the dire necessity

of precise information on the masses of the NS in the cooling diagram,

without which no theoretical cooling model can be verified.
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Physicists have long thought that once crossed the short-range re-

pulsion of the strong interaction, can be found a new state of matter.

Nowadays the theoretical idea provides a more accurate picture of this

new state of matter: it should be the quark-gluon plasma (QGP ), in

which quarks and gluons, the fundamental constituents of matter, are

no longer confined within the dimensions of nucleons, but are free to

move around an area in which high temperature or high density pre-

vail. It is expected that collisions of heavy ions at high energies at a

sufficiently high density can get to form this new state of matter [3].

Quarks and gluons may wander freely inside the fireball created by the

collisions. The energies of individual quarks and gluons are typically

those of a very high temperature (about 200 MeV ) although the sys-

tem would not have the time to fully thermalize. The identification of

the QGP state in collisions of relativistic heavy ions is, however, ex-

tremely difficult. If created, the state of the QGP would have a very

short existence. From a theoretical point of view, there is a rigorous

theory of dense nuclear matter. In the Fig.6.1 it is shown a possible

phase diagram of QCD, which shows the temperature as a function of

the baryon density. The region of low temperature and density is the

normal phase of nuclear matter. At high temperature and low density

we expect to find the quark-gluon plasma. For the transition temper-

ature to this new state, the calculations of QCD give values between

140 and 180 MeV , corresponding to a density of about 1 GeV/fm3, or

seven times the saturation density. Temperatures and densities higher

than these values were existed in the young universe a few microsec-

onds after the Big Bang. At sufficiently high density and temperatures

close to zero we find neutron stars. In fact, the conditions in the core

of neutron stars may be such that the ordinary hadronic matter, in

which quarks are confined in hadrons, is converted by high pressure in

relation to quarks, forming a hybrid star, a star with a quark matter
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region in the core and an hadronic envelope.

Figure 6.1: Phase diagram for matter.

Therefore the knowledge of EoS both for hadronic and quark matter

is necessary to estimate the possible effects of this transition in neutron

stars.

6.1 The CSS parametrization

During my PhD course, in collaboration with Prof. M. Alford (Univer-

sity of Saint Louis, Missouri, USA), I also focused on the study of the

“constant speed of sound” (CSS) parametrization of the EoS of high-

density matter and its application to the field correlator method (FCM)

model of quark matter. I show how mass and radius observations can

be expressed as constraints on the CSS parameters. Here I analyze

a specific example [16], where the high-density matter is quark matter

described by a model based on the field correlator method showing how

its parameters can be mapped on to the CSS parameter space, and how

it is constrained by currently available observations of neutron stars.
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The CSS parametrization is applicable to high-density equations of

state for which (a) there is a sharp interface between nuclear matter

and a high-density phase which we will call quark matter, even when

we do not make any assumptions about its physical nature; and (b)

the speed of sound in the high-density matter is pressure-independent

for pressures ranging from the first-order transition pressure up to the

maximum central pressure of neutron stars. One can then write the

high-density EoS in terms of three parameters: the pressure ptrans of

the transition, the discontinuity in energy density ∆ǫ at the transition,

and the speed of sound cQM in the high-density phase. For a given

nuclear matter EoS ǫNM(p), the full CSS EoS is then

ǫ(p) =

{
ǫNM(p) p < ptrans
ǫNM(ptrans) + ∆ǫ+ c−2

QM(p− ptrans) p > ptrans
(6.1)

The CSS form can be viewed as the lowest-order terms of a Taylor

expansion of the high-density EoS about the transition pressure. We

express the three parameters in dimensionless form, as ptrans/ǫtrans,

∆ǫ/ǫtrans and c2QM , where etrans ≡ ǫNM(ptrans).

The assumption of a sharp interface will be valid if, for example,

there is a first-order phase transition between nuclear and quark matter,

and the surface tension of the interface is high enough to ensure that

the transition occurs at a sharp interface (Maxwell construction) not

via a mixed phase (Gibbs construction). Given the uncertainties in

the value of the surface tension, this is a possible scenario. One can

also formulate generic equations of state that model interfaces that are

smeared out by mixing or percolation.

The assumption of a density-independent speed of sound is valid for

a large class of models of quark matter. The CSS parametrization is an

almost exact fit to some Nambu–Jona-Lasinio models. The perturba-

tive quark matter EoS also has roughly density-independent c2QM , with

a value around 0.2 to 0.3 (in this Chapter I use units where h̄ = c = 1),
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above the transition from nuclear matter. In the quartic polynomial

parametrization, varying the coefficient a2 between ±(150MeV )2, and

the coefficient a4 between 0.6 and 1, and keeping ntrans/n0 above 1.5,

one finds that c2QM is always between 0.3 and 0.36. It is noticeable that

models based on relativistic quarks tend to have c2QM ≈ 1/3, which

is the value for systems with conformal symmetry, and it has been

conjectured that there is a fundamental bound c2QM < 1/3, although

some models violate that bound. The CSS parametrization is con-

strained by observables such as the maximum mass Mmax, the radius

of a maximum-mass star, and the radius R1.4 of a star of mass 1.4Msolar.

6.2 Constraining the CSS parameters

6.2.1 Topology of the mass-radius relation

ε
trans

∆
ε

ε

trans

tr
a
n
s

p
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D
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A

Figure 6.2: Schematic phase diagram for hybrid star branches in the
mass-radius relation of compact stars. We fix c2QM and vary ptrans/ǫtrans
and ∆ǫ/ǫtrans. The four regions are (A) no hybrid branch (“absent”); (B)
both connected and disconnected hybrid branches; (C) connected hybrid
branch only; and (D) disconnected hybrid branch only.
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We use the term “hybrid star” to refer to stars whose central pres-

sure is above ptrans, and so they contain a core of the high-density phase.

The part of the mass-radius relation that arises from such stars is the

hybrid branch. In all models of nuclear/quark matter I find the same

four topologies of the mass-radius curve for compact stars: the hybrid

branch may be connected to the nuclear branch (C), or disconnected

(D), or both may be present (B) or neither (A). The occurrence of these

as a function of the CSS parameters ptrans/ǫtrans and ∆ǫ/ǫtrans at fixed

c2QM is shown schematically in Fig. 6.2. The mass-radius curve in each

region is depicted in inset plots, in which the thick green line is the

hadronic branch, the thin solid red lines are stable hybrid stars, and

the thin dashed red lines are unstable hybrid stars.

In the phase diagram the solid red line shows the threshold value

∆crit below which there is always a stable hybrid star branch connected

to the neutron star branch. This critical value is given by [69]

∆crit

ǫtrans
=

1

2
+

3

2

ptrans
ǫtrans

(6.2)

and was obtained by performing an expansion in powers of the size of

the core of high-density phase. Eq. 6.2 is an analytic result, independent

of c2QM and the nuclear matter EoS. The dashed and dot-dashed black

lines mark the border of regions where the disconnected hybrid star

branch exists. The position of these lines depends on the value of

c2QM and (weakly) on the accompanying nuclear matter EoS. Once a

nuclear matter EoS has been chosen, any high-density EoS that is well

approximated by the CSS parametrization can be summarized by giving

the values of the three CSS parameters, corresponding to a point in the

phase diagram. We then know what sort of hybrid branches will be

present.
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This depends on the hadronic EoS that had been assumed.

Property BHF, Av18 DBHF,
+ UVIX TBF Bonn A

Saturation baryon density n0(fm
−3) 0.16 0.18

Binding energy/baryon E/A (MeV) -15.98 -16.15
Compressibility K0 (MeV) 212.4 230
Symmetry energy S0 (MeV) 31.9 34.4
L = 3n0 [dS0/dn]n0

(MeV) 52.9 69.4
Maximum mass of star (Msolar) 2.03 2.31
Radius of the heaviest star (km) 9.92 11.26

Radius of M = 1.4Msolar star (km) 11.77 13.41

Table 6.1: Calculated properties of symmetric nuclear matter for the BHF
and Dirac-Brueckner-Hatree-Fock (DBHF) nuclear equations of state used
here. BHF is softer, and DBHF is stiffer.

The contours show the maximum mass of a hybrid star as a function

of the EoS parameters. The region inside the M = 2Msolar contour cor-

responds to EoS’s for which the maximum mass is less than 2Msolar so

it is shaded to signify that this region of parameter space for the high-

density EoS is excluded by the observation of a star with mass 2Msolar

[6]. For high-density EoSs with c2QM = 1 (right-hand plots), this re-

gion is not too large, and leaves a good range of transition pressures

and energy density discontinuities that are compatible with the obser-

vation. However, for high-density matter with c2QM = 1/3 (left-hand

plots), which is the typical value in many models, the Mmax > 2Msolar

constraint eliminates a large region of the CSS parameter space.

The upper plots in Fig. 6.3 are for a stiffer nuclear matter EoS,

DBHF [70], and the lower plots are for a softer nuclear matter EoS,

BHF. [9]. As one would expect, the stiffer EoS gives rise to heavier (and

larger) stars, and therefore allows a wider range of CSS parameters to

be compatible with the 2Msolar measurement.
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In Fig. 6.3 the dot-dashed (red) contours are for hybrid stars on

a connected branch, while the dashed (blue) contours are for discon-

nected branches. When crossing the near-horizontal boundary from

region C to B the connected hybrid branch splits into a smaller con-

nected branch and a disconnected branch, so the maximum mass of

the connected branch smoothly becomes the maximum mass of the dis-

connected branch. Therefore the red contour in the C region smoothly

becomes a blue contour in the B and D regions. When crossing the

near-vertical boundary from region C to B a new disconnected branch

forms, so the connected branch (red dot-dashed) contour crosses this

boundary smoothly.

In each panel of Fig. 6.3, the physically relevant allowed region is

the white unshaded region. The grey shaded region is excluded by the

existence of a 2Msolar star. We see that increasing the stiffness of the

hadronic EoS or of the quark matter EoS (by increasing c2QM) shrinks

the excluded region.

For both the hadronic EoSs that I study, the CSS parameters are

significantly constrained. From the two left panels of Fig. 6.3 one can

see that if, as predicted by many models, c2QM ≤ 1/3, then I are limited

to two regions of parameter space, corresponding to a low pressure

transition or a high pressure transition. In the low-transition-pressure

region the transition occurs at a fairly low density ntrans ≤ 2n0, and

a connected hybrid branch is possible. In the high-transition-pressure

region the connected branch (red dot-dashed) contours are, except at

very low ∆ǫ, almost vertical, corresponding to EoSs that give rise to a

very small connected hybrid branch which exists in a very small range

of central pressures pcent just above ptrans. The maximum mass on

this branch is therefore very close to the mass of the purely hadronic

matter star with pcent = ptrans. The mass of such a purely hadronic

star is naturally independent of parameters that only affect the quark
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matter EoS, such as ∆ǫ and c2QM , so the contour is vertical. These

hybrid stars have a tiny core of the high-density phase and cover a tiny

range of masses, of order 10−3Msolar or less, and so would be very rare.

Disconnected hybrid branches are of special interest, because they

give a characteristic signature in mass-radius measurements. For both

the hadronic EoSs that I study, the region B and D, where disconnected

hybrid star branches can occur, are excluded for c2QM ≤ 1/3. Even for

larger c2QM disconnected branches only arise if the nuclear matter EoS

is sufficiently stiff. It is interesting to note that using an extremely stiff

hadronic matter EoS such as DD2-EV can further shrink the region that

is excluded by the Mmax > 2Msolar constraint, allowing disconnected

branches of hybrid stars to occur.

6.2.3 Minimum radius of hybrid stars

In Fig. 6.4 are shown contour plots of the radius of the maximum-mass

star (on either a connected or disconnected hybrid branch) as a function

of the CSS quark matter EoS parameters. Since the smallest hybrid

star is typically the heaviest one, this allows us to infer the smallest

radius that arises from a given EoS. The layout is as in Fig. 6.3: each

panel shows dependence on ptrans/ǫtrans and ∆ǫ/ǫtrans for fixed c2QM ; the

plots on the left are for c2QM = 1/3 and the plots on the right are for

c2QM = 1; the plots on the top are for the stiffer DBHF nuclear matter

EoS, while the lower plots are for the softer BHF nuclear matter EoS.

As in Fig. 6.3, the region that is eliminated by the observation of a

2Msolar star is shaded in grey.

The smallest stars, with radii as small as 9 km, occur when the high-

density phase has the largest possible speed of sound c2QM = 1. They

are disconnected branch stars arising from EoSs having a low transition

pressure (ntrans ≤ 2n0) with a fairly large energy density discontinuity

(∆ǫ/ǫtrans ≥ 1).
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than 1/3. In the magnified figure I show how the excluded region

would grow if a 2.1Msolar star were to be observed (long-dashed line for

connected branch stars and short-dashed line for disconnected branch

stars). This would increase the minimum radius to about 12.1 km for

the soft hadronic EoS and 12.2 km for the stiff hadronic EoS.

6.2.4 Typical radius of hybrid stars

In Fig. 6.5 I show contours (the U-shaped lines) of typical radius of a

hybrid star, defined as R1.4, the radius of a star of mass 1.4Msolar, as a

function of the CSS quark matter EoS parameters. The contours only

fill the part of the CSS parameter space where there are hybrid stars

with that mass. The dashed (magenta) lines delimit that region which

extends only up to moderate transition pressure.

The overall behavior is that, at fixed ∆ǫ/ǫtrans, the typical radius

is large when the transition density is at its lowest. As the transi-

tion density rises the radius of a 1.4Msolar star decreases at first, but

then increases again. This is related to the previously noted fact that

when one fixes the speed of sound of quark matter and increases the

bag constant (which increases ptrans/ǫtrans and also varies ∆ǫ/ǫtrans in

a correlated way) the resultant family of mass-radius curves all pass

through the same small region in the M -R plane: the M(R) curves

“rotate” counterclockwise around this hub. In our case I am varying

ptrans/ǫtrans at fixed ∆ǫ/ǫtrans, so the hub itself also moves. At low

transition density the hub is below 1.4Msolar, so R1.4 decreases with

ptrans/ǫtrans. At high transition density the hub is at a mass above

1.4Msolar so R1.4 will increase with ptrans/ǫtrans.

The smallest stars occur for c2QM = 1 (right-hand plots), where

R1.4 ≥ 9.5km at large values of the energy density discontinuity, and

the radius rises as the discontinuity is decreased. This is consistent

with the absolute lower bound of about 8.5 km [71] for the maximally



122 6. Quark Matter

compact c2QM = 1 star obeying Mmax > 2Msolar.

For c2QM = 1/3 the allowed region at low transition pressure is small,

so in the right panels of Fig. 6.6 is shown a magnification of this region. I

see that in the allowed (Mmax > 2Msolar and ntrans > n0) region there is

a minimum radius 12.2 km for the BHF (soft) hadronic EoS, and about

12.5 km for the DBHF (stiff) hadronic EoS. This minimum is attained

at the lowest possible transition density, ntrans ≈ n0. As the transition

density rises to values around 2n0, the minimum radius rises to 12.5

(BHF) or 13.3 km (DBHF). This is comparable to the minimum radius

of about 13 km found in [72], which explored a wider range of hadronic

EoSs but assumed ntrans = 2n0. These results are consistent with the

lower bound on R1.4 for c2QM = 1/3 of about 11 km established in [71]

using the EoS that yields maximally compact stars (corresponding to

CSS with ptrans = 0 and c2QM = 1/3) obeying Mmax > 2Msolar. If a

1.4Msolar star were observed to have radius below the minimum value,

one would have to conclude that either it is not a hybrid star or that

c2QM > 1/3.

The dashed line shows how the excluded region would grow if a

star of mass 2.1Msolar were to be observed. This would increase the

minimum radius to about 12.7 (BHF) or 13 km (DBHF).

6.3 The Field Correlator Method (FCM)

EoS

The approach based on the FCM provides a natural treatment of the

dynamics of confinement in terms of the color electric (DE and DE
1 ) and

color magnetic (DH and DH
1 ) Gaussian correlators, the former being

directly related to confinement, so that its vanishing above the critical

temperature implies deconfinement. The EoSs used in this Section are

the microscopic BHF with phenomenological three body forces and the
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where

φν(a) =

∫ ∞

0

du
(
u4/

√
u2 + ν2

)(
exp

[√
u2 + ν2 − a

]
+ 1
)−1

(6.4)

with ν = mq/T , and V1 is the large distance static qq potential whose

value at zero chemical potential and temperature is V1(T =µB =0) =

0.8 to 0.9GeV [76]. The gluon contribution to the pressure is

Pg/T
4 =

8

3π2

∫ ∞

0

dχχ3 1

exp
(
χ+ 9V1

8T

)
− 1

(6.5)

and the total pressure is

Pqg =
∑

j=u,d,s

P j
q + Pg −

(11− 2
3
Nf )

32

G2

2
(6.6)

where P j
q and Pg are given in Eqs. (6.3) and (6.5), and Nf is the num-

ber of flavors. The last term in Eq. (6.6) corresponds to the difference

of the vacuum energy density in the two phases, G2 being the gluon

condensate whose numerical value, determined by the QCD sum rules

at zero temperature and chemical potential, is known with large uncer-

tainty, G2 = 0.012± 0.006 GeV 4. At finite temperature and vanishing

baryon density, a comparison with the recent available lattice calcula-

tions provides clear indications about the specific values of these two

parameters, and in particular their values at the critical temperature

Tc. Some lattice simulations suggest no dependence of V1 on µB, at least

for very small µB, while different analyses suggest a linear decreasing

of G2 with the baryon density ρB [77], in nuclear matter. However,

for simplicity, in the following I treat both V1 and G2 as numerical

parameters with no dependence on µB.

6.3.1 The FCM EoS and the CSS parametrization

The CSS parametrization will be applicable to the FCM EoS if the

speed of sound in the FCM EoS depends only weakly on the density
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or pressure. In Fig. 6.7 I show that this is indeed the case. The upper

panel shows the speed of sound vs. pressure in the FCM quark matter

EoS for different values of the FCM parameters, displayed in the lower

panel. I see that the speed of sound varies by less than 5% over the

considered range of pressures along each curve, and lies in the interval

0.28 < c2QM < 1/3. The value of c2QM shows a weak dependence on V1

and extremely weak dependence on G2, which appears as an additive

constant in the quark matter EoS according to Eq. (6.6). The transition

pressure is more sensitive to the FCM parameters, increasing rapidly

with V1 and with G2. The energy density at a given pressure increases

slightly with an increase in V1 or G2.
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Figure 6.7: The squared speed of sound c2QM [panel (a)] is displayed vs

quark matter pressure for several values of V1 (in MeV) and G2 (in GeV4).
In panel (b), the FCM energy density is represented by full symbols, whereas
the full lines denote the CSS parametrization given by Eq. (6.1).

To illustrate how well the CSS parametrization fits the FCM EoS, I

show in the lower panel of Fig. 6.7 that, for the same FCM parameter
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Figure 6.8: The mapping of the FCM quark matter model onto the CSS
parametrization. Results are obtained using the BHF (left panel) and DBHF
(right panel) nuclear matter EoS. See the text for details.

choices, we can always find suitable values of the CSS parameters which

fit the FCM calculation extremely well. This means that there exists

a well-defined mapping between the FCM parameters (V1, G2) and the

CSS parameters (ptrans/ǫtrans, ∆ǫ/ǫtrans, c
2
QM). Note that the mapping

depends on the EoS of the hadronic matter.

The mapping is displayed in Fig. 6.8, which shows the region of the

CSS parameter space where FCM equations of state are found. It is

shown in this figure the plane whose coordinates are the CSS parameters

∆ǫ/ǫtrans and ptrans/ǫtrans. For the hadronic EoS I use BHF (left panel)
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Figure 6.9: Contour plots, analogous to Fig. 6.3, showing the maximum
mass of hybrid stars with FCM quark matter cores, given in terms of the cor-
responding CSS parameter values rather than the original FCM parameter
values. See the text for details.

and DBHF (right panel). The lines without points represent the phase

boundaries, as for the figures in Sec. 6.2, for connected and disconnected

branches. Whether a given FCM EoS yields stable hybrid stars depends

on which of those phase regions (see Fig. 6.2) it is in. The solid (green)

phase boundary with a cusp at ptrans/ǫtrans ≈ 0.17 delimits the region

with a disconnected branch for c2QM = 1/3, while the nearby dashed

(green) line is for c2QM = 0.28, so these span the range of c2QM relevant

for the FCM, as discussed in Fig. 6.7. It is evident that the dependence
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and for the DBHF case it is V1 = 255 MeV , G2 = 0.0019 GeV 4.

Along each FCM curve in Fig. 6.8 the parameter G2 starts at the

minimum value at which there is a phase transition from hadronic to

FCM quark matter; at lower G2 the quark and the hadronic pressures

p(µ) do not cross at any µ. On each curve one point is labeled with

its value of G2/(10
−3 GeV4), and subsequent points are at intervals

where G2 increases in increments of 1 in the same units. I observe that

along each line of constant V1, ptrans/ǫtrans grows with G2. This can

be explained by recalling the linear dependence of the quark pressure

on G2 in Eq. (6.6), so that, at fixed chemical potential, an increase

of G2 lowers the quark pressure, making quark matter less favorable,

and shifting the transition point to higher chemical potential or pres-

sure. This is equally applicable to DBHF nuclear matter. Obviously

if G2 becomes too small, the phase transition takes place in a region

of low densities where finite nuclei are present, and the homogeneous

nuclear matter approach becomes invalid. The qualitative behaviour of

the curves of constant V1 can be understood in terms of the Maxwell

construction between the purely hadronic phase and the quark phase.

The fact that ∆ǫ/ǫtrans goes through a minimum (which is always at

ptrans/ǫtrans ≈ 0.1) as G2 is increased at constant V1 can be understood

from Fig. 2 of [78], which shows pressure p as a function of baryon den-

sity n and the location of the hadron (BHF EoS) to quark (FCM EoS)

transition when G2 is varied. The hadronic EoS is strongly curved, es-

pecially at low pressure, while the FCM EoS is closer to a straight line.

Consequently, the baryon density difference between the two phases at

a given pressure has a minimum at densities around 2n0, which corre-

sponds to ptrans/ǫtrans ≈ 0.1. As G2 increases, the transition pressure

rises, scanning through this minimum. It follows that the energy den-

sity difference also goes through a minimum, because ǫ = µn− p, and

p and µ are continuous at the transition, so ∆ǫ = µ∆n. The DBHF
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hadronic EoS is very similar to BHF at low pressure, so the curves

have their minima at the same value of ptrans/ǫtrans in both panels of

Fig. 6.8. We can also see in Fig. 6.8 that an increase of V1 moves the

curves slightly downward and to the right. This is expected since V1

is a measure of the interparticle strength, and is inversely proportional

to the pressure of the system, so that the pressure decreases as V1 is

increased at fixed µ, and, as already discussed for the parameter G2,

a decrease of the quark pressure raises ptrans. The role of V1 and G2

in the quark EoS discussed so far, provides in the same way a qualita-

tive understanding of c2QM in panel (a) of Fig. 6.7, although, as already

noticed, the effect in Fig. 6.8 of the change in c2QM is negligible.

6.3.2 Expected properties of mass-radius curves

By comparing Fig. 6.8 with Fig. 6.2 we can see that when combining

FCM quark matter with BHF (soft) nuclear matter, the physically al-

lowed range of FCM parameter values yields EoSs that are mostly in

regions C and A, where there is no disconnected hybrid branch. At the

lowest transition densities the FCM EoS can achieve a large enough

energy density discontinuity to yield a disconnected branch (region D).

For the DBHF (stiff) nuclear EoS there is a wider range of values of V1

and G2 that give disconnected branches, and some of them give simul-

taneous connected and disconnected branches. This difference can be

understood in terms of the stiffness of the EoSs. A change from a soft

hadronic EoS (BHF) to a stiff one (DBHF) produces a steeper growth

of the hadronic pressure as a function of the baryon density. Referring

again to Fig. 2 of [78], this pulls the DBHF [79] p(n) curve further away

from the FCM curve, giving a larger difference in baryon density at a

given pressure, and hence, as noted above, a larger ∆ǫ. This is why

the curves for DBHF+FCM (right panel of Fig 6.8) are shifted upwards

along the ∆ǫ/ǫtrans axis compared to the BHF+FCM curves (left panel
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of Fig. 6.8). We can calculate the maximum mass of a hybrid star con-

taining a FCM core as a function of the FCM parameters, and then use

the mapping described above to obtain the CSS parameter values for

each FCM EoS, producing a contour plot of maximum mass (Fig. 6.9)

for BHF (left panel) and DBHF (right panel) hadronic EoS. Given that

the CSS parametrization is a fairly accurate representation of the FCM

EoS, one would expect this to be very similar to the corresponding plot

for CSS itself with c2QM = 1/3 (Fig. 6.3), and this is indeed the case.

The contours in Fig. 6.9 are restricted to the region corresponding to

physically allowed FCM parameter values, so they end at the edges of

that region.

The triangular shaded area at the edge of each panel shows the

region of the parameter space that is accessible by the FCM and is

consistent with the measurement of a 2Msolar, by having hybrid stars of

maximum mass greater than 2Msolar. The (orange) cross in each panel

of Fig. 6.8 is at the high-transition-pressure corner of that triangular

area. The heaviest BHF+FCM hybrid star has a mass of 2.03Msolar,

and the heaviest DBHF+FCM hybrid star has a mass of 2.31Msolar.

As noted in Sec. 6.2.2, the hybrid stars in this physically allowed and

FCM-compatible region of the phase diagram lie on a very tiny con-

nected branch, covering a very small range of central pressures and

masses and radii, and would therefore occur only rarely in nature.

These stars have very small quark matter cores [15], and their mass

and radius are very similar to those of the heaviest purely hadronic

star, but there could be other clear signatures of the presence of the

quark matter core, such as different cooling behavior.

The CSS parametrization has another region where heavy hybrid

stars occur, at low transition pressure (see Fig. 6.3), but the FCM does

not predict that the quark matter EoS could be in that region.

To characterize the radius of FCM hybrid stars we cannot construct
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contour plots like Fig. 6.5 because, as we have just seen, the FCM

predicts that only hybrid stars with mass very close to the maximum

mass are allowed. There are no FCM hybrid stars with mass around

1.4Msolar. Instead, in Fig. 6.10 I show the range of radii of stars with a

given maximum mass when varying FCM parameters, for our two differ-

ent hadronic EoSs. The right-hand edge of each shaded region traces

out the mass-radius relation for hadronic stars with the correspond-

ing hadronic EoS. The FCM hybrid stars form very small connected

branches which connect to the nuclear matter where the central pres-

sure reaches the transition pressure (see Sec. 6.2.2), so the hybrid stars

do not deviate very far from the hadronic mass-radius curve. Hence

the shaded regions in Fig. 6.10 are narrow, especially in the observa-

tionally allowed (Mmax > 2Msolar) region, which perfectly matches the

prediction of CSS parametrization on the maximum-mass star radius in

the high-transition-pressure region (see the left panels of Fig. 6.4). For

BHF (soft) nuclear matter, the hadronic stars, and hence the hybrid

stars, are smaller because the nuclear mantle is more compressed by

the self gravitation of the star.



Chapter 7

Summary and Outlook
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I have presented a systematic confrontation of the nuclear Equation

of State, obtained within different microscopic many-body methods,

with the available constraints coming from phenomenology. The latter

are extracted from laboratory experiments as well as from astrophysi-

cal observations. Both nuclear structure and heavy ion collisions data

were considered, along the same lines of the analysis on the Skyrme

forces reported in [50]. Astrophysical observational data included the

measures of NS masses, some hints on the radius-mass relation from

[45, 46] and the constraints on the EoS presented in [47], obtained from

the analysis of transient phenomena in six NS’s. Some theoretical con-

straints, as the requirement of a sub-luminal speed of sound, were also

considered. If one takes literally all the constraints, among the con-

sidered microscopic EoS only one passes all the tests, namely the one

with phenomenological three body forces. However, these phenomeno-

logical constraints are affected by uncertainties, which are difficult to

estimate quantitatively on a firm basis. The conclusion that one can

draw from this analysis is twofold. Firstly, despite the differences be-

tween the considered microscopic EoS, their overall predictions do not

show major discrepancies with one another as well as with the phe-

nomenological constraints. In other words, the calculated microscopic

nuclear EoS, based on different many-body methods, are not in con-

tradiction with the phenomenological constraints. This is not at all an

obvious result. Secondly, from the analysis it appears that one can ex-

plain reasonably well all the data with a microscopic EoS that includes

only nucleonic degrees of freedom, in particular no exotic components

in NS are needed.

I have also computed nucleon effective masses in the BHF formal-

ism for dense nuclear matter, employing different combinations of two-

nucleon and three-nucleon forces. Useful parametrizations of the nu-

merical results were provided. The relevant in-medium correction fac-
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tors for several neutrino emission processes in β-stable non-superfluid

neutron star matter have then been evaluated in a consistent manner.

I find in general in-medium suppression of the emissivities, which how-

ever depends strongly on the employed interactions, and reflect mainly

the current lack of knowledge regarding nuclear TBF at high density.

This emphasizes the need of performing and comparing consistent cal-

culations with given sets of two-body and three-body interactions. This

is important for the study of cooling. Infact I have studied NS cooling

using a microscopic BHF EOS featuring strong direct Urca reactions

setting in at ρ = 0.44 fm−3, M/M⊙ > 1.10, and using compatible p1S0

and n3P2 pairing gaps as well as nucleon effective masses. The current

substantial theoretical uncertainty regarding gaps and thermal conduc-

tivity was modelled in a rather simple way by introducing three global

scale factors.

I found that it is possible to reproduce the apparent fast cooling

of Cas A by either finetuning the n3P2 pairing gap or reducing the

thermal conductivity. In general it is difficult to then simultaneously

fit old hot NS, although I did find a suitable parameter set for that

purpose.

Relaxing the Cas A constraint, it is astonishing to see how well all

current cooling data can be fit by just assuming the p1S0 BCS gap

(with some freedom of scaling) and a vanishing n3P2 gap.

My results affirm the extreme difficulty to draw quantitative con-

clusions from the current NS cooling data containing no information on

the masses of the cooling objects, due to the large variety of required

microphysics input that is hardly known or constrained otherwise.

I have shown that not even the combination of very strong DU cool-

ing in combination with sufficiently large and extended p1S0 gaps and

small n3P2 pairing gaps can be excluded. There is still ample freedom

to choose the magnitude and shape of the p1S0 gap, as long as the cov-
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ered density domain is sufficiently large. One can only hope to resolve

this problem once precise information on the NS masses in the cooling

diagram becomes available. Even more exotic possibilities of blocking

the DU process by strong p3P2 pairing are not excluded either, but

were not analyzed in this thesis; as neither the effect of exotic compo-

nents of matter (hyperons, quarks) that should appear at high density

and completely change the theoretical picture. In any case there are

strong indications from theoretical many-body calculations and sup-

ported by the current analysis, that the DU process becomes active

at moderately high baryon density; it should thus never be excluded

without justification in cooling simulations.

Finally, as an application to a specific model, I performed calcula-

tions for the FCM quark matter EoS. I showed that the FCM equation

of state can be accurately represented by the CSS parametrization,

and I displayed the mapping between the FCM and CSS parameters. I

found that FCM quark matter has a speed of sound in a narrow range

around c2QM = 0.3, and the FCM family of EoSs covers a limited re-

gion of the space of all possible EoSs. Once the observational constraint

Mmax > 2M⊙ is taken into account, the allowed region in the parameter

space is drastically reduced. This corresponds to the high-transition-

pressure scenario, with a small connected branch of hybrid stars with

tiny quark matter cores. Such stars would be hard to distinguish from

hadronic stars via mass and radius measurements, but the quark matter

core could be detectable via other signatures, such as cooling behav-

ior. These hybrid stars have central densities larger than 6.5n0 in the

BHF case, and 3.5n0 in the DBHF case which means that hyperons

could play an important role in the BHF case, and they cannot be

ruled out even in the relativistic DBHF case. However, as discussed

previously, in this thesis I ignored hyperons because I am already using

two different hadronic EoSs, one stiff and one soft, to estimate the sen-
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sitivity of my results to the hadronic EoS, and the effect of hyperons

remains unknown. Moreover, as far as we know, the introduction of

hyperons softens dramatically the EoS which is therefore excluded by

the observational data [80]. In the future one can expect that the in-

terplay between theory and observations will continue to play a major

role in the worldwide effort of determining the nuclear EoS, including

the hyperonic contribution.

From the end of January 2016 I will carry on my project at the

Nicolaus Copernicus Institute in Warsaw in collaboration with Prof. P.

Haensel and his group focusing my research on the cooling of binary

systems.
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